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ABSTRACT

For a finite-dimensional Hopf algebra H, we study the prime ideals in
a faithfully flat H-Hopf-Galois extension R C A. One application is to
quotients of Hopf algebras which arise in the theory of quantum groups
at a root of 1. For the Krull relations between R and A, we obtain our
best results when H is semisolvable; these results generalize earlier known
results for crossed products for a group action and for algebras graded by
a finite group. We also show that if H is semisimple and semisolvable,
then A is semiprime provided R is H-semiprime.

0. Introduction

Let H be a finite-dimensional Hopf algebra over a field k and R C A a faithfully
flat H-Galois extension. Intuitively, the algebra extension R C A represents an
epimorphism of quantum spaces which is a principal bundle with fibre being the
quantum group corresponding to H (where the category of quantum groups is
the dual category to the category of Hopf algebras). Formally, faithfully flat
H-Galois extensions are defined as follows (see [M, Chapter 8)):
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Let A be a right H-comodule algebra with structure map p: A -+ A® H, that
is an algebra map such that A is an H-comodule via p. Define

Ri=A°H = {ae Al pla) =a® 1},

the algebra of H-coinvariant elements of A. Then R C A is faithfully flat
H-Galois if the Galois map

is bijective, and A is faithfully flat as a left (or equivalently right) R-module.

The object of this paper is to compare the prime ideals of R and of A, with
particular interest in the classical Krull relations. Since Hopf crossed products
A = R#t,H give examples of faithfully flat Galois extensions (see [M, Chapter
7]), our results apply to crossed products. Another important class of examples
we have in mind are Hopf algebras A with a normal sub Hopf algebra R of finite
index; if A is faithfully flat over R, then R C A is faithfully flat H-Galois where
H := A/AR™ is the quotient Hopf algebra. Interesting examples of such Hopf
algebra extensions occur in the theory of quantum groups when the deformation
parameter is a root of unity.

For the Krull relations we obtain our best results when H has a normal series
whose quotients are commutative or cocommutative; this generalizes our earlier
work [MS] as well as work of Lorenz and Passman for crossed products of groups
[LP] and work of Cohen and the first author for smash products over group-graded
rings [CM]. As a consequence we make progress on the question of when R being
H-prime and H being semisimple implies that R#H is semiprime, although the
general question remains open.

A major motivation for studying Galois extensions rather than crossed prod-
ucts is that crossed products are not transitive, by an example of the second
author [S3]. That is, if A = R#,H is a crossed product, K a normal Hopf
subalgebra of H with quotient H, then it is false in general that one can write
A = (R#,K)#,H. As shown in Section 6, however, faithfully flat Galois exten-
sions are transitive, and thus inductive arguments are possible. Hence to obtain
results on smash products by inductive arguments it is necessary to study general
faithfully flat Galois extensions. On the other hand, it turns out that usually the
hard case is the case of an arbitrary smash product extension. If H is given, then
some property should hold for all faithfully flat H-Galois extensions R C A if it
holds for all smash products R C R#H.

Smash product extensions R C R#H are normalizing extensions when H is
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a group algebra, but not in general. Hence the rich theory of prime ideals in
normalizing ring extensions (see [McR]) does not apply here.

OUTLINE OF THE PAPER. In Section 1 we introduce the notion of H-stable
ideals of R, where R C A is faithfully flat H-Galois. We show that such ideals
behave analogously to the usual notion of H-stable ideals when there is actually
an H-action. The basic tool here is the Morita equivalence between R and A#H*,
where the H*-action on A is the dual of the given H-coaction.

In Section 2 we apply the Morita equivalence to H-primes of R and H*-primes
of A, and get a bijective correspondence between H-equivalent primes of R and
H*-equivalent primes of A

Spec(4)/ ~H— Spec(R)/ ~mu .

As a special case (Corollary 2.6), we show that if also H* is pointed and R C Aisa
centralizing extension, then there is a bijection between Spec(R) and the orbits of
Spec(A) under the action of the character group of H. The corollary is applied to
the central extension Fy[G] C O,|G] of the gquantum coordinate algebra over the
usual coordinate algebra, where G is the connected, simply connected, semisimple
algebraic group corresponding to a finite-dimensional semisimple complex Lie
algebra g and ¢ is a primitive [-th root of unity, [ odd and prime to 3 in case g
has a G5 component. In Corollary 2.8 we show that Fy[G] C O.[G] is faithfully
flat H-Galois, where H is the quotient Hopf algebra, by general Hopf algebra
arguments (in particular O¢[G] is projective over Fy[G], a fact which was shown
in [DL] in a completely different way), and we derive a bijection

Spec(0:[G])/x — Spec(FolG)),

where x is the character group of #. The prime correspondence in this case was
shown independently by E. Letzter [L2] by different methods.

In Section 3 we show that H-Spec(R) can be identified with Hy-Spec(R), where
Hy is the coradical of H. This generalizes work of Chin [Ch90] for the case when
H is pointed, that is Hy = kG. For this we must introduce C-stable ideals and
C-primes for a subcoalgebra C of H.

In Section 4, we define versions of the Krull relations such as going up (GU), in-
comparability (INC), and lying over, though we replace the usual lying over prop-
erty with a related property called t-lying over (¢-LO}). We also define the “duals”
of these three relations, which we call co-going up (co-GU), co-incomparability
(co-INC), and t-colying over (t-coLO); we say that H has a given Krull relation
if the relation holds for all faithfully flat H-Galois extensions R C A. We then



190 S. MONTGOMERY AND H.-J. SCHNEIDER Isr. J. Math.

prove that the dual relations are indeed dual, in the sense that H will have a
given relation if and only if H* has the dual relation. We also show that to see if
H has a given relation, it suffices to check it for R C A in the special case when
A = R#H and R is H-prime.

In fact the H-Galois assumption can be weakened for some of our results; this is
the topic of Section 5. We consider there H-module algebras A with invariant ring
R = A¥ such that the trace map £ : A — R is surjective (in coaction language,
this is equivalent to R C A being an H*-extension with a total integral). Our
assumption implies that there exists an idempotent 0 # e = ¢? € A#H such
that e(A#H)e = A¥. Using this fact and some techniques from work on group
actions, we are able to prove fairly general results on the Krull relations for R C A
(Theorem 5.5). As a consequence we are able to define an equivalence relation
on Spec(R) and prove analogs of the correspondence discussed in Section 2. This
generalizes work of [M81] for group actions.

In Section 6 we prove some very general transitivity results for the Krull rela-
tions. That is, if K is a normal sub Hopf algebra of H with quotient Hopf algebra
H, when do the Krull relations for K and H imply those for H? In fact we prove
more general versions of transitivity, for arbitrary ring extensions with a “lying
over relation”. This enables us to enlarge our base field (in Section 7) as well
as to look at Hopf Galois extensions. We note that the difficulties in Section 7
involve reflecting the various Krull relations from H ® E back to H, where k C F
is a field extension.

Finally, in Section 8 we obtain consequences of the work of the previous sec-
tions. We first prove a few facts about quotients of Hopf algebras (Lemma 8.2)
to enable us to apply our transitivity results to Hopf algebras with various nor-
mal series; recall that a Hopf algebra is (co)solvable if it has a normal series
in which all of the quotients are (co)commutative. We prove (Theorem 8.4) that
when t = dim H and H is cosolvable (resp. solvable), then H has t-coLO (resp. t-
LO) and GU (resp. coGU). If H is both solvable and cosolvable, for example if H
is the restricted universal enveloping algebra of a solvable restricted Lie algebra,
then H has all six Krull relations. We note that it is an open question whether
any finite-dimensional cocommutative Hopf algebra has all the Krull relations.
It might even be true that any finite-dimensional Hopf algebra has all the Krull
relations.

When H is semisimple, more can be shown. We say that H is semisolvable if
H has a normal series in which the quotients are either commutative or cocom-
mutative. If H is semisimple and semisolvable, then we prove that it has 1-LO,
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t-coLO, GU, coGU, INC, and coINC (Theorem 8.5). In particular, let R be
any H-module algebra and A := R#H where H is semisimple and semisolvable.
Then we get from Theorem 8.5:

1. If R is H-prime, then A has at most n < dim H minimal primes, call
them P ..., Py; (e, P = {0}; and P € Spec(A) is a minimal prime if
and only if PN R = {0} (since H has 1-LO and INC).

2. If R is H-semiprime, then R#H is semiprime (since H has 1-LO).

In fact H is known to be semisolvable in many cases; for example, when k is
algebraically closed of characteristic 0, dim H is a power of a prime and H
is semisimple, then H has a normal series in which all the quotients are both
commutative and cocommutative.

1. H-stable ideals of R

Throughout this section, R C A denotes a faithfully flat right H-Galois extension.
We introduce here the notion of an H-stable ideal of R; in the special case when R
is an H-module algebra and A = R#H, it becomes the usual notion of H-stable
ideal.

We first recall a general result {see for example [S1]); for R C A as above, and
assuming H has a bijective antipode, there exist category equivalences as follows:

(i) MRS MY givenby M —» M®r A= MAand N — N for M € Mp
and N € M%;

(ii) pM Sa4 MH given by M = AQr M = AM and N — N%H for
M € gM and NEAMH,
where MY and aMPH are the categories of (A, H)-Hopf modules taken on the
appropriate sides.

Definition 1.1: (1) An ideal I of R is called H-stable if A = AI.

(2) For any ideal I of R, (I : H) denotes the largest H-stable ideal of R
contained in /.

Note that (I : H) exists since a sum of H-stable ideals is again H-stable.

Remark 1.2: (i) The definition of H-stable above is a natural one. For when
A = R#,H, it is shown in [MS, 1.3] that if an ideal I of R is H-stable in the
usual sense (that is , H - I C I) and the antipode of H is bijective, then I is
H-stable in the sense of Definition 1.1. We note that it is false in general that
IH = HI for any H-stable ideal I [MS, 2.6]. (ii) When o is trivial, that is A is a
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smash product, then I is stable in the usual sense provided Al C I A. In fact this
seemingly weaker property is equivalent to Al = J A, even in the general Galois
situation: for, assume that AI C JA and let M = IA. Then M € 4 M*H and so
the category equivalence (ii) implies (/A)N R =1 and TA= A(IANR) = Al
The category equivalences have immediate consequences for ideals of A and R.

For any subspace J of A4, let J denote the largest H-subcomodule of A contained
in J.

LEMMA 1.3: Consider A €4 M¥ and A € M.
(1) If J is any ideal of A, then JNR = JNR is an H-stable ideal of R.
Moreover, (JNR)A=A(JNR) =J.
(2) IfI is any ideal of R, then (JAYNR=(AI)NnR=1.
(3) IfI and I' are ideals of R, then (INI')A = IANI'"A and A(INI') = AINAI'.
Consequently (I : HYN(I': H)=(INI): H).
(4) There is a bijection of sets

3
{H-stable ideals of R}  {ideals of A which are H-subcomodules}
v

given by ®: I — IA = Al, I an H-stable ideal of R, and ¥V: J — JN R,
J an ideal of A and an H-subcomodule. These bijections preserve sums,
intersections, and products.

Proof: (1) Clearly JNR C JN R. Conversely, consider J; = A(J N R)A; it is
an ideal of A contained in J which is an H-subcomodule, and so J; C J. Thus
JNRC J,andso JNR = JNR. Now J eM¥ andso J = (JNR)A = (JNR)A
by the category equivalence (i); similarly J = A(J N R) using (ii).

(2) Since JA € M and AT € 4MH | (2) is clear from (i) and (ii).

(3) The first statement follows from the fact that (i) and (ii) preserve
intersections, and the second follows from the first.

(4) Given I < R which is H-stable, let J = AI = IA; clearly J = J, and
JN R =1Iby (2); thus ¥ o & = id. Given J = J < A, let I = JNR; then I is
H-stable and J = I A by (1). Thus ® o ¥ = id. ® preserves intersections by (3),
and ¥ preserves them, since ® is surjective. Similarly for sums and products: if
I and I’ are H-stable, then

(I+IA=TA+TI'A= Al + AI' = AJ + '),

and
(INA=TAI'A=IAI = AITl,
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Thus I + I’ and II’ are H-stable, and ® preserves sums and products. Since ®
is a bijection, it follows that ¥ also preserves sums and products. |

Now assume in addition that H is finite-dimensional . Then the coaction
of H on A dualizes to give an action of H* on A, in which H-subcomodules
correspond to H*-submodules. In particular J = (J : H*), and Lemma 1.3(4)
gives a correspondence between H-stable ideals of R and H*-stable ideals of A.
This correspondence can be strengthened by using the smash product A#H*.

Since R C A is H-Galois, it follows by [KT] that A#H* = End(Ag). Thus the
bimodule M = axp-Ar gives a Morita equivalence. The next theorem extends
[MS, Theorem 7.2}, where the analogous result was shown when A was a crossed
product.

THEOREM 1.4: The Morita equivalence between R and A#H* via M as above
defines a bijection ¢ from ideals of R to ideals of A# H*, preserving containments,
intersections, and products, such that if

g I T
for I an ideal of R and I' an ideal of A#+H*, then
(I:H)o (I'NA#H" = (I: HYA#H".

Consequently (I : HYA=I'nNAand (I:H)=I'NR.

Proof: (a) The Morita equivalence gives a bijection between ideals I of R and
(A#H*, R)-subbimodules of A which maps I to AI. Similarly, there is a bijection
between ideals J of A#H* and (A#H*, R)-subbimodules of A which maps J to
J - A. Hence there is a bijection ¢ between ideals of R and of A#H* in which I
corresponds to I’ if and only if AT =1'- A.

{(b) Next we show that under ¢, H-stable ideals of R correspond to ideals of
A#H* which are H*-subcomodules. Let I be an H-stable ideal of R. Then

(TA#H*) A= (IA)A=IA = Al

since I is H-stable. Thus I’ = ¢(J) = IA#H*, clearly an H*-subcomodule.
Conversely, assume I' << A#H* and I' is an H*-subcomodule. Applying the
correspondence (i) to the H*-Galois extension A C A#H*, we see I' =
(I'n A)#H*. Now I’N A is an H*-stable ideal of A, so an H-subcomodule,
and thus by Lemma 1.3(1),

I'nA=(I'nA)NR)A=(I'NR)A.
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Hence
I' " A=((I'"R)A#H*)- A= (I'NR)A = A(I' " R),

where the last equality holds since I'NR is H-stable, by Lemma 1.3(1). Therefore
by definition of the bijection ¢ in (a), I = ¢~1(I') = I' N R is H-stable .

(c) By (b), the largest H-stable ideal (I : H) in an ideal I of R corresponds
to the largest ideal in I’ which is an H*-subcomodule, that is, to (I' N A)#H*.
Finally, applying (b) to (I : H), we see that ¢ maps (I : H) to (I : H)A#H*.
Thus I'NA=(I:H)A,and also 'NR=((I: H)YA)N R = (I : H) by Lemma
1.3(2). n

The next corollary will be useful in constructing prime and semiprime ideals
of R.

COROLLARY 1.5: Let L be an H-stable ideal of R and choose x € L. Then there
exists a finitely generated H-stable ideal I of R such that x € I C L.

Proof: We first claim that for any ideals J C £ of A#H*, such that 7 is finitely
generated and £ is an H*-subcomodule, there exists an ideal J of A#H*, with
J C J C L, such that J is both finitely generated and an H*-subcomodule.

Assume J = "7 | Sz;S, where we let S = A#H*. Then there exists a finite-
dimensional H*-subcomodule V of £ such that all z; € V (by the local finiteness
of comodules). Setting J := SV S proves the claim.

We now apply the Morita correspondence in Theorem 1.4. Let J = RzR;
then J C L is a finitely generated ideal of R, and consequently J = ¢(RzR)
is a finitely generated ideal of S. Moreover J C £ := ¢(L), and by Theorem
1.4 we have £ is an H*-subcomodule since L is H-stable . Thus there exists J
as above, J C JcC L, with Ja finitely generated ideal and H*-subcomodule.
Thus by Theorem 1.4, I := qﬁ_l(j ) is finitely generated and H-stable ; moreover
z€RgR=JCI,and I C L=¢"YL). |

We close this section with a consideration of what happens to our set-up mod-
ulo H-stable ideals. Thus choose an H-stable ideal I of R and set R := R/I.
Since IA = AI is an ideal of A, we may define A := A/IA; since IANR =1 by
Lemma, 1.3(2), it follows that R can be canonically embedded into A.

LEMMA 1.6: Let I, R, and A be as above. Then under the induced H-comodule
structure on A, R C A is a faithfully flat right H-Galois extension.

Proof: Note that A is indeed an H-comodule since I A is an H-subcomodule of
A; it is clear that R C A%°H,
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Moreover RQr A= R/I®Qr A= A/IA= A. Now for any right R-module M,
M@z A=M@gz(R®r A) @ M ®r A. Thus RA is faithfully flat since rA is
faithfully flat.

Since R C A is H-Galois, the Galois map A®r A —> AQ H, givenby z®@y —
S zyo ® 11, 1s a bijection. Thus

R®rAQrRA s ROp A® H.
By the remark above, this gives
A@RA—E)A@)RR@RA—E—)A@RA-E)A@H,

via the induced map £ ® § — 3 Z75 @ y1. Now consider the diagram
R c A 3 A

i2
N

A ¢ A T AcH

A

=

1R

The top row is exact since pA is faithfully flat , and the bottom row is exact
by the definition of A°®¥. Since the diagram commutes and we have shown that
the vertical arrow is an isomorphism, we must have R = A% Thus R C A is
H-Galois. |

Remark 1.7: (1) If Q < R is H-stable , then its image @ is H-stable in R,
since QA = QA = AQ = AQ. Conversely, if J < R is H-stable and Q is the
inverse image of J in R, then also Q is H-stable . For, QA = AQ implies
QA C AQ + Al = AQ); similarly AQ C QA.

(2) In the special case when A = R# H and R is an H-module algebra, Lemma
1.6 has an easy proof. For then JA = I#H, and thus A = R#H/I#H =
R/I#H = R#H, and clearly R C R#H is H-Galois.

2. H-prime ideals and equivalence relations on Spec

In this section we extend the usual notion of H-prime ideals to our set-up of a
faithfully flat H-Galois extension R C A and consider correspondences between
Spec(R) and Spec(A). We also assume that H is finite-dimensional, so that there
is an H*-action on A.
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Definition 2.1: An H-stable ideal I of R is H-prime if I # R and whenever
LM C I, for H-stable ideals L, M of R, then L C I or M C I. R itself is an
H-prime ring if R # {0} and if {0} is an H-prime ideal of R. The set of all
H-prime ideals of R will be denoted by H-Spec(R).

To avoid confusion, we will usually write ¢} € Spec(R) and P € Spec(A).

LEMMA 2.2:
(1) The bijections in Lemma 1.3(4) restrict to give bijections

®
H-Spec(R)  H*-Spec(A),
v
where as before ®: I — A and ¥: J — JN R.
(2) The map f: Spec(R) — H-Spec(R) given by @ — (Q : H) is well-defined
and surjective.
(3) The map g: Spec(A) — H-Spec(R) given by P — PN R is well-defined and
surjective.

Proof: (1) We only need to show that Im(®) and Im(¥) are in the correct subsets.
If I € H-Spec(R), let J = ®(I); J is H*-stable by Lemma 1.3(4). If U, V are H*-
stable ideals of A with UV C J, then W(U)¥ (V) C ¥(J) = I since ¥ preserves
products. Since I is H-prime , and ¥(U), ¥(V) are H-stable by 1.3(4), either
Y(WYycTor¥(V)cC I ButthenU CJorV CJ,andsoJis H*-prime.

The converse is similar, using that ® preserves products and sends H-stable
ideals to H*-stable ideals.

(2) 1t is easy to see that (Q : H) is H-prime , for if LM C (Q : H), for
H-stable ideals L, M of R, then LM C Q and so L C Q or M C (. But then
Lc(Q:H)or M C(Q: H). To see that f is surjective requires some work.
Thus, let I € H-Spec(R).

We consider theset T = {JA R | (J:H) =1}, T#0sincel €Z. We
claim that Z is closed under ascending chains. Let J;, ¢ in some index set, be an
ascending chain in Z and let J be their union. Since (J; : H) = I for all 4, clearly
I C (J: H). Conversely, choose z € (J : H). By Corollary 1.5 with L = (J : H),
there exists a finitely generated H-stable ideal M of R with x € M C (J : H).
Since M C J and M is finitely generated , M C J; for some i. But then
Mc (J;:Hy=1,andsoz € I. Thus (J: H) = I and J € Z. We may now
apply Zorn’s lemma and choose a maximal element @) € .

We claim that @ is a prime ideal of R. For if L, M are ideals of R with
LM C Q, we may assume L, M 2 Q. By the maximality of @, (L : H) 2 I and



Vol. 112, 1999 PRIME IDEALS IN HOPF GALOIS EXTENSIONS 197

(M : H) 2 I. However (L : H)(M : H) C (Q : H) = I, since the product of
H-stable ideals is H-stable ; this contradicts I € H-Spec(R). Thus @ is prime.
(3) We give a direct argument to see that g is well-defined. For if P € Spec(A)
and LM C PN R, where L, M are H-stable ideals of R, then (LA)(MA) =
LMA C P; since P is prime and LA, M A< A, either LAC P or MA C P. But
then LC PNRor M C PNR,so PNRis H-prime .
To see that g is surjective, choose I € H-Spec(R), and let

I={J4A|JNR=1}.

T # 0 since TA € 7, and Z is closed under ascending unions, so we may choose
P maximal in Z. We claim that P is prime. If LM C P, for L,M < A with
L,M 2 P, then (LNR)(MNR) C PNR =1 Since LOR and M NR are
H-stable ; either LNRCIor MNR C I. But then L M 2 Pimplies LNR=1
or M N R = I, a contradiction to the maximality of P (note this argument did
not require H to be finite-dimensional ). |

We next set up a bijection between certain equivalence classes of primes of R
and of A.

Definition 2.3: (1) P € Spec{A) lies over () € Spec(R) f PNR = (Q : H).
(2) For Q1,Q2 € Spec(R), define @1 ~y Q2 < (@1 : H) = (Q2: H).
(3) For Py, P, € Spec{A), define Py ~pg+ P < (P : H*) = (Py: H*).
We remark that for an arbitrary ring extension R C A, to say that P lies over

Q@ would usually mean that ) is minimal over PN R. We will discuss in Corollary
4.7 when our condition is equivalent to this one.

COROLLARY 2.4: Let R C A be faithfully flat H-Galois, where H is finite-
dimensional . Then ~y and ~ g+ are equivalence relations, and there is a bijection
3
Spec(R)/ ~y—> Spec(A)/ ~g-+

where for Q € Spec(R) and P € Spec(A), ®: [Q] — [P] if and only if P lies over
Q.

Proof: Clearly ~y and ~pg- are equivalence relations. Moreover, Lemma, 2.2(2)
induces bijections

f: Spec(R)/ ~g— H-Spec(R), via [Q] — (Q : H)

and
g: Spec(A)/ ~g-— H*-Spec(A), via [P] — (P : H*).
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By 2.2(1), ®: H-Spec(R) — H*-Spec(A) is also a bijection. Thus ® := §—'o®o f
is a bijection between the desired quotient sets. Now

3([Q) = [P] += Q) =2 o§[P] = T og[P]
<= (Q:H)=9%({(P:H"))=PnNRA.

We wish to refine this correspondence on Spec. As we will see in Section 3, it
is only necessary to consider stability of primes under the coradical of H. As a
first step, we recall a result of Chin for pointed Hopf algebras [Ch90}; part {1) of
the lemma is [Ch90, Lemma 2.2(1)] and part (2) is implicit in [Ch90, 2.2(ii)]. We
give the proof, as it is very short.

LEMMA 2.5 (Chin): Let H be a finite-dimensional pointed Hopf algebra and A
an H-module algebra. Let G = G(H) denote the set of group-like elements in H.
(1) For any ideal P of A,

(ﬂ(a:-P))mC(P:H)

zeG
for some m < dim H.
(2) For any P, P, € Spec(A), (P, : H) =(Py: H) <= P, =z Py, for some
x € G. Thus
Spec(A)/ ~u= Spec(A)/G,
where Spec(A)/G is the set of G-orbits in Spec(A).

Proof: (1) Note that J = .,z P is the largest G-stable ideal of A in P. Let
Hy C Hy C --- C H,, = H denote the coradical filtration of H; Hy = kG since H
is pointed. We claim that for all § > 0, H; - J® C J for any n > j. This is clear
for 7 = 0. Assuming it is true for all 1 < j, and n > j, then

j
Hj-(J")=H;-(J-J") <Y (Hi- J)(Hjs-J"Y) C .
i=0
Thus H - J™* = H,,, - J™*! C J. It follows that J™t1 C (J: H) C (P: H).
(2) Clearly P, = z- P, implies (P, : H) = (P, : H). So assume that (P, : H) =

((Jz-P)"C(Pi:H)=(P,: H) C P,

zeG
It follows that y - Py C P, for some y € G. Similarly z - P, C P; for some z € G.
Then yz- P, C y- P, C P,; since G is finite, yz - P, = y- Pp = P,. This proves
(2). ]
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COROLLARY 2.6: Let R C A be a faithfully flat H-Galois extension, with H
finite-dimensional , such that H* is pointed and A is a centralizing extension of
R. If G = G(H*), then there is a bijection

Spec(A4)/G —$—> Spec(R), [P]—~ PNR.

Proof: First, since A is a centralizing extension of R, all ideals of R are H-
stable, and thus H-Spec(R) = Spec(R). Equivalently, Spec(R)/ ~g= Spec(R).
By Lemma 2.5, Spec(A)/ ~p+= Spec(A4)/G. The corollary now follows from
Corollary 2.4. |

The previous corollary has interesting applications to Hopf algebras A with a
central sub Hopf algebra R of finite index. If A is faithfully flat over R, then
R C A is faithfully flat H-Galois, H := A/ARY, with coaction 4 - A ® H,
a~ > a) Qag, by [T, Th. 1) and [S4, 1.6]. A is always faithfully flat over R in
case R is noetherian by [S4, Th. 3.3]. The next lemma describes another class of
examples using duality.

LEMMA 2.7: Let U be a pointed Hopf algebra , I C U a Hopf ideal and K :=
UceU/!. Assume K is finite-dimensional and I is cocentral in U, that is for all
zel,

Z(.’m Qra—z2Qr)€EIR].

Let R be the image of (U/I)® in U® under the Hopf algebra map dual to the
canonical map U — U/I. Let A C U° be any sub Hopf algebra containing R.

Then R C A is a central sub Hopf algebra , the quotient Hopf algebra H :=
A/AR? is finite-dimensional and H* is pointed, A is a finitely generated pro-
Jective R-module and R is an R-direct summand in A. In particular, R C A is
faithfully flat H-Galois.

Proof: (1) To see that R is central in U, let f € U, g € R and 2 € U, and let
U — U/I, z — %, be the quotient map. Then

:Zg(i‘l Zf 1'2 361 Zf(ml 1'2 ( )( )

since I is cocentral, hence ) 21 ® T = 3 72 ® 7.

Let ¢: U® — K be the restriction map. We want to show that the kernel of ¢
is a conormal Hopf ideal of U°. Since I is cocentral hence conormal in U, K is a
normal sub Hopf algebra of U [S4, 1.3]. Let f € U° with ¢(f) = f |k=0. Then
forallz € U and y € K, ) z1yS(z2) € K by normality, hence

> A(@)(S ) (@2) faly = O z1yS(z2))
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Thus 3 f1(Sf2)® f2 € U’®@Ker(¢), and similarly 3 fo®(Sf1)fs € Ker(¢)QUP.
Hence Ker(¢) is conormal.

We finally show that R is the Hopf kernel of ¢, that is R = (U 0)C"KO. By
definition, (U°)<°X” is the set of all f € U® with Y. f1 ® ¢(f2) = f ® 1, ie.
2 fi(z) f2(y) = F(z)e(y) or f(zy) = f(ze(y)) for all z € U and y € K; equiv-
alently f(UK") = {0}. But I = UK™ since U is pointed [Ma91, Th. 1.3] and
hence R = (U°)°X” since f € R if and only if f(I) = {0}.

(2) By Part (1) of the proof, R is a central sub Hopf algebra of A C U?, the
kernel J of the restriction map A — K is conormal and R = A4/, By assump-
tion, K is finite-dimensional and pointed. Then H := A/J is a finite-dimensional
sub Hopf algebra of K® = K* and its dual is a quotient of K, hence pointed.
Note that the quotient map induces the natural Galois map AQr A - A® A/J,
which is surjective. Since A/J is finite-dimensional and R is commutative, it
follows from [KT] that R C A is A/J-Galois, A is finitely generated projective
as an R-module and R is an R-direct summand in A. Moreover, A is left and
right faithfully coflat over A/J by [S4, 2.1(1)], hence J = AR* by [T, Theorem
2. ]

As a special case of the preceding lemma we now consider the Frobenius-
Lusztig kernels. Let g be a finite-dimensional semisimple complex Lie algebra, !
an odd integer (prime to 3 in case g has a G2 component) and ¢ a primitive [-th
root of 1 in C. Let U.(g) be Lusztig’s quantum enveloping algebra over Q(e) de-
fined by extending scalars via Z[v,v~!] = Q(g), v — ¢, v an indeterminate, from
Lusztig’s form [Lu, 1.3]. We want to apply 2.7 to the Frobenius homomorphism
Fr:U.(g) — U(g) of [Lu, 8.10]. Here, U{g) is the usual enveloping algebra of
g over Q(¢). Fr is a surjective Hopf algebra homomorphism of pointed Hopf
algebras. Consider the dual Hopf algebra map Fr° : U(g)® — U.(g)®. Let Fp[G]
be the image of Fr®. Then Fy[G] = U(g)° is the usual coordinate algebra of
the connected, simply connected, semisimple algebraic group G with Lie algebra
g. The quantum coordinate algebra O.[G] is a sub Hopf algebra of U,(g)® con-
taining F[G] defined by a certain class of finite-dimensional representations [Lu,
8.17], [A, 3.4.5], [DL, 6.4,4.1].

COROLLARY 2.8: Fy|G] C O[G] is a central sub Hopf algebra , O.[G] is finitely
generated and projective over Fy|G|, Fy|G] is an Fy[G]-direct summand in O,[G),
and H := O.[G]/O[G]|F[G]" is finite-dimensional such that H* is pointed. In
particular, F3|G] C O.[G] is faithfully flat H-Galois, and

Spec(O:[G])/x = Spec(Fo[G]), [P]+— PN Fyla],
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where x := Alg(H,Q(¢)) is the character group of H.

Proof: Let I be the kernel of the Frobenius homomorphism and

U :=U.(g). It is easy to see that I is a cocentral Hopf ideal in U by checking
the generators of U as in [DL, 6.4]. The Frobenius-Lusztig kernel u is the finite-
dimensional sub Hopf algebra of U defined in [Lu, 8.2]. Then I = utUu™ by
[Lu, 8.16]. It is shown in [A, 3.4.2] that u is 5 normal sub Hopf algebra of U.
Hence u = U®U/T [A, 3.4.1). Now all the assumptions of 2.7 are verified. Thus
the corollary follows from 2.7 and 2.6 with R := Fy[G] and A := O¢[G]. [ |

In [DL, 7.2], projectivity of the Fy[G]-module O[G] was shown in a way com-
pletely different from the above general Hopf algebra arguments. Concerning
the prime ideal correspondence in 2.8, a very similar result for G = SL{n) was
shown in [L1] by direct calculations using generators and relations for the quan-
tum coordinate algebra of SL(n). In [DP, 4.10], the correspondence is shown for
[ prime to the bad primes of the root system; the proof involves an analysis of
certain Azumaya algebras. Finally in [L2] a different proof of the corespondence
for general G is given using results from Noetherian ring theory.

3. Reducing to the coradical

In this section we prove a greatly generalized version of Chin’s result, Lemma 2.5,
in a different way. We show that H-Spec(R) can be identified with Hy-Spec(R),
where R C A is a faithfully flat H-Galois extension and Hy is the coradical of H;
in general Hy is not a sub Hopf algebra. To this end we first define C-stable
ideals and C-prime ideals for subcoalgebras C of H.

As above let R C A be a faithfully flat H-Galois extension and let H be
finite-dimensional .

Definition 3.1: Let C C H be a subcoalgebra. Define A(C) := p"1(A® C), an
R-subbimodule of A. An ideal I in R is called C-stable if TA(C) = A(C)I. Let
(I : C) denote the largest C-stable ideal in R which is contained in I. A C-stable
ideal I in R, I # R, is called C-prime , if whenever KL C I for K, L C-stable
ideals of R, then K C I or L C I. C-Spec(R) is the set of all C-prime ideals
in R.

Remark 3.2: (1) Let R be an H-module algebra, A = R#H the smash product
and C C H a subcoalgebra. Then A(C) = R#C. Any C-stable ideal I in R is
stable under the action of C, i.e. ¢c-r € I for all c € C and r € I. Conversely, if
S(C) = C, any ideal in R which is stable under the action of C is also C-stable.
This follows from the identity r#c = > (1#c2)(S7e1) - r) in R#C.
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(2) Let Hy be the coradical of H and I an ideal in R. Then I is Hy-stable iff
I is C-stable for all simple subcoalgebras C' of H.

Proof: Let (C;)ics be the set of all simple subcoalgebras of H. Then Hy =
D;c, Ci- Hence A(C) = @, A(C;) is a decomposition into R-bimodules. Thus
TA(C) = A(C)I iff TA(C;) = A(C;) for all 4. ]

In the sequel we will need the cotensor product VO W of a right C-comodule
V and a left C-comodule W over any coalgebra C. Recall that VOcW is the
equalizer of the maps Ay ®id and iId ® Ay from V@ W to VQ C ® W. Note
that A induces an isomorphism C =, HO g C. Similarly, in 3.1, p induces an
isomorphism A(C) = AORC.

LEMMA 3.3: Let C C H be a sub coalgebra and I an ideal in R.
(1) If I is H-stable then I is C-stable .
(2) (I:C):H)=(I:H).

Proof: (1) The Galois map A®g A Sy AQH, z@y— Y zyo ® v, is right H-
colinear where the H-comodule structures are id ® p and id ® A. By cotensoring
with OgC we get an isomorphism of R-bimodules A ®g A(C) =5 A®C. Here,
A®pg A(C) is an R-bimodule by left multiplication on A and right multiplication
on A(C), and A® C is an R-bimodule via the bimodule structure of A. Note
that we used the bijectivity of the natural map

A®r (A0KC) = (A®R A)OxC

which holds since A is right R-flat.

Since I is H-stable we have AT = I A and hence (AQr A(C))I = I(AQgr A(C)).
We want to conclude that A(C)I = IA(C). For any R-submodule M of A let
S(A®p M) denote the image of A®g M in AQr A defined by the inclusion map.
This notation is also used for submodules of AQr M. Then S(I(A®g A(C))) =
(A ®g TA(C)) and S((A ®r A(C))]) = XA Qr A(C)).

From (A ®g A(C))] = I{AQR A(C)) we get S(AQr X) = I(A®RY), where
X :==TA(C) and Y := A(C)I. Since A is right faithfully flat over R we conclude
that X =Y, and I is C-stable .

To see that S(AQrX) = S(AQRY) implies X =Y for all R-submodules X, Y
of A we can assume that X C Y (replaceY by X +Y). Then AQr X - A®RrY
is surjective, hence X =Y by faithful flatness.

(2) Since (I : C) is an ideal in I, ((I : C) : H) is contained in (I : H). To
prove the other containment let L C I be an H-stable ideal of R. By (1), L
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is C-stable . Hence L C (/ : Cy)and L = (L : HY ¢ ((I : C) : H). Thus
(I:H)c((I:C):H). |

COROLLARY 3.4: Let C' C H be a sub coalgebra. Then
f: C-Spec(R) — H-Spec(R), f(I):=(I: H),

is well-defined and a surjection.

Proof: To see that f is well-defined let I € C-Spec(R) and let K, L be H-stable
ideals in R such that KL C (I : H). Then KL C I, and K, L are C-stable
by 3.3(1). Hence K C I or L C I. Since K and L are H-stable , this implies
Kc({I:H)or LC(I:H).

To prove the surjectivity of f, let I € H-Spec(R). By 2.2(2) there is a prime
P € Spec(R) such that (P : H) =1. By 3.3(2), (P: H) = ((P:C) : H), and
(P : C) € C-Spec{R) by the proof of 2.2(2). Thus I = f{{P : (). ]

Now let Hy C Hy C --- be the coradical filtration of H (cf. [M, 5.2]), and define
A, = A(H,) for n > 0. Then Ay C A; C --- is a filtration of R-subbimodules
in A. Note that H,, C H,,; are subcoalgebras of H, in particular left (and
right) sub H-comodules. Then the quotient H-comodule H,;/H, is in fact an
Ho-comodule since A(Hn41) C 24 opyr Hi ® Hj (cf. [M, 5.2.2]).

The next lemma contains the crucial observation (cf. [S2, 1.4, 2.1] for the case

when H is pointed).

LEMMA 3.5: For all n > 0, the map

¢7 An+l/An - AODHO(Hn-H/Hn)a ¢(2‘_‘) = 2350 ®fl)

is an isomorphism of R-bimodules. Here, the cotensor product is an R-bimodule
via the bimodule structure of Ag.

Proof: Let Apyq := Apy1/A, and Hpy1 := Hpp1/H,. Consider the following
diagram

_ i - i) ®id _
Apgy — AQrApt1 — A®rRA®gAnn
ip®id
[+ [ Is
. - idRA _
AUgHppy C AQHpp 3 A®H®Hn
A,4®id

where (@) :=1® 4, i1(z) '= 2 ® 1, iz(z) == 1@z, p1(z ®a) := Y zao ® a1,
Pz @y ®a) ;= Y, zyoao ® Y101 ® @y for all @ € 4,1, and z,y € A, and A
denotes the H-comodule structure map of H, ;.
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Then ¢ is injective and its image is the kernel of i; ® id — iy ® id, since A is
faithfully flat over R. Also, the bottom sequence is exact by the definition of
the cotensor product. It is easy to see that the diagram commutes. To show the
bijectivity of ¢ it therefore suffices to show that ¢; and ¢ are bijective. We have
seen in the proof of 3.3 that the Galois isomorphism induces isomorphisms

A®RAn — A®H, and AQ®pAni — A® Huy

(take C = H,, and H,1). Since A is right R-flat we see that the induced map
A®pg Any1 — A® H, 1 on the quotients, which is ¢, is bijective.

The map ¢, is bijective since it is the composition of the following isomor-
phisms:

ARR A®R A1 PHAR H) O Ani1-HDAQ H® Hyp1 “SAQ H® Hppr.

The first map 1, is the Galois map tensored with A, 1. 12 is ¢; tensored with
H (the R-module structure on A ® H is given by the left R-module structure
on A), and 3 is defined by ¥3(a ® z @ F) = Y. a ® zy1 Q@ §2, since for any left

H-comodule V (= Hp4, in 93),
HRV -HQKV, x®vr—>2mv_1 ® v,

is bijective with inverse t ® v > zS(v_1) ® vp. |

To conclude from 3.5 that I{An41/Ar) = (Ans1/An)I for ideals I in R which
satisfy TAg = Apl we need the following technical lemma.

Recall that a left C-comodule W is coflat if the functor V — VOcW on right
C-comodules is exact. If C is cosemisimple, i.e. C = Cp, then any C-comodule
is coflat.

LEMMA 3.6: Let C be a coalgebra, R an algebra and X a left R-module and a
right C-comodule such that the comodule structure map X — X ® C is R-linear
where X ® C is an R-module via X. Then for any left C-comodule Y which is
C-coflat and any ideal I in R

I(XD()Y) = (IX)Dcy
as subsetsin X ® Y.

Proof: By the assumption on X, I ®g X is a right C-comodule via the comodule
structure of X, XOcY is a left R-module via multiplication on X, and IX is a
sub C-comodule of X. Since Y is C-coflat, the natural map

a: I Qg (XOcY) = (I Qg X)AcY, a(r®2wi®yi) =Zr®zi®yi



Vol. 112, 1999 PRIME IDEALS IN HOPF GALOIS EXTENSIONS 205

forr € R, Y z;®y, € XO¢Y, is bijective. The multiplication map I®g X — IX
is surjective and induces a surjective map

B: (I ®r X)0cY — (IX)OcY

since Y is C-coflat. Hence fa is surjective. Let ¢ be the inclusion map of
(IX)Oc¢Y into X ®Y. Then the image of ¢fa is (IX)U¢Y since Ba is surjective.
But by definition of o and 3, Im(¢fa) = I{X0OcY). This proves the claim. ]

We can now show the main result.

THEOREM 3.7: Let Hy C H, C --- C H,, = H be the coradical filtration of H
and define t := m + 1. Then for any ideal I of R,

(I:Hp)' C(I:H).

Proof: (1) We first show for any Ho-stable ideal L of R, A,L™"! C LA for all
0<n<m. Forn=0, AgL C LA follows from the definition of Hy-stable ideals.
Since LAy = AgL we know from 3.6 and its version for right R-modules that

L(AyDgHny1) = (LA)D g, Hoy1 = (AgL)Og, Hyyy = (AgDp Hir) L.

Hence by 3.5, LA,11 = Ant1L. In particular, A,y1L C LA + A, for all n.
Multiplying with L»*! from the right gives A, ;L""? C LA+ A,L"*!. Hence
the claim follows by induction.

(2) To prove the theorem, apply (1) to L := (I : Hp) and n = m. Hence
AL™ C LA and also AL™' A C LA. Therefore,

L' C (AL*'A)NRC (LA)NR=1L

using 1.3(2). By 1.3(1), (AL*A) N R is an H-stable ideal in R. Hence
L*c(L:H)=((I:Hy):H)C (I:H). |
COROLLARY 3.8: f: Hp-Spec(R) — H-Spec(R), f(I) := (I : H), is bijective.

Proof: By 3.4 f is surjective. To show injectivity let I, J € Ho-Spec(R) such that
(I:H)=(J:H). Since I is Hy-stable, (I : Hy) =1 and, by 3.7, I* C (I : H) =
(J: H) = J. Hence I C J since J is Hp-prime. In the same way we get J C I.
|

COROLLARY 3.9: Let ()1,Q2 € Spec(R). Then

(Q1 H)Z (QzH) < (QIHO): (QQiH()).
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Proof: This follows from 3.8 since Spec(R) — H-Spec(R), Q — (Q : H), factors
through Hy-Spec(R). ]

Finally we obtain the following refinement of 2.4.

COROLLARY 3.10: Define equivalence relations on Spec(A) and Spec(R) by

Prrg P <= (P12 (H")o) = (Py: (H")o),
Q1 ~p Q2 <= (Q1: Hp) = (Q2: Hy),

for all Py, P, € Spec(A) and Q1, Q2 € Spec(R). Then
Spec(A)/ ~a— Spec(R)/ ~g, [P]~ [Q)
where P lies over @, is bijective.

Proof: Follows from 2.4 and 3.9. [ |

Let k[Hp] be the subalgebra of H generated by the coradical of H. Then k[H,)]
is a sub Hopf algebra of H and R C A(k[Ho)) is faithfully flat k[Hp)-Galois by
[S1, 3.11, 2]. Clearly 3.8 and 3.9 also hold when Hj is replaced by k[Hy]. In
a sense, this reduces the study of H-Spec(R), R C A a faithfully flat H-Galois
extension, to the case when H as an algebra is generated by its coradical.

4., The Krull relations for RC A

In this section we define versions of the usual Krull relations for our Galois
extensions R C A, and show that their verification can be reduced to the special
case of smash products. Recall from Definition 2.3(1) that P € Spec(A) lies over
Q € Spec(R) if and only if (Q : H) = PN R. 1t is clear from Lemma 2.2 that
any P € Spec(A) lies over some @) € Spec(R); conversely for any @@ € Spec(R),
there exists some P € Spec(A) such that P lies over Q.

As in [P, 16.6] we may use diagrams to represent some of the Krull relations.
Thus, for example, the diagram in 4.1(3) means that given Q; D Q in Spec(R)
and P, € Spec(A) which lies over @3, there exists some P; € Spec(A) such that
P; D P, and P, lies over Q).

It will be convenient for us to divide the relations into “basic” Krull relations
and their “duals”. That in fact they are dual will be seen in Theorem 4.3.

Definition 4.1 {The basic Krull relations):
(1) H has t-lying over (¢-LO) if for all faithfully flat H-Galois extensions R C
A and any @ € Spec(R), there exist Py,..., P, € Spec(A), where n < dim H,
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such that all P; lie over @, and such that ((_; B;)* C (Q : H)A.
{P}
Q

(2) H has incomparability (INC) if for all faithfully flat H-Galois extensions
R C A and any P, C Py in Spec(A) with P> # P;, then PN R # P N R.
(3) H has going up (GU) if for all faithfully flat H-Galois extensions R C A,

Py

Q2

Definition 4.1’ (The dual Krull relations):
(1) H has t-co-lying over (t-coLO) if for all faithfully flat H-Galois extensions

R C A, and any P € Spec(A), there exist Q1,...,Qm € Spec(R), where m <
dim H, such that P lies over all Q);, and such that (ﬂ;":1 Q;) C PNR.

P
{Q;}

(2)) H has co-incomparability (coINC) if for all faithfully flat H-Galois
extensions R C A and any Q2 C Q1 in Spec(R), with Q2 # Q1, then (Q2 : H) #
(Ql . H)

(3)' H has co-going up (coGU) if for all faithfully flat H-Galois extensions
RC A,

To show that the “dual” relations are actually dual, we need a consequence of
Theorem 1.4 for prime ideals.

LEMMA 4.2:

(1) The bijection ¢ of Theorem 1.4 induces the following commutative diagrams
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on Spec:
Spec(R) — . Spec(A#H™)

| I
H-Spec{R) —2—+ H*-Spec(A)
where f: Q@ — (Q: H), ¢: Q' — Q' NA, and ®: I — IA. The maps f and
g’ are surjective and ¢ and ® are bijective.
(2) For P € Spec(A) and Q € Spec(R), P lies over @ if and only if ¢(Q) lies
over P (in the extension A C A#H”).

Proof: (1) f is well-defined and surjective by Lemma 2.2(2), and ¢’ is well-defined
and surjective by 2.2(3) applied to the extension A C A#H*. It was also shown
in 2.2(1) that @ is bijective. The commutativity of the diagram now follows from
1.4, as the only change is in the lower right corner. However, as noted in 1.4,
(Q-HA=Q NA.

(2) By Lemma 1.3(2), (@ : H) = PNR <= (Q:H)A=(PNR)A But
by Theorem 1.4 (or (1) above), (Q : H)A = ¢(Q) N A, and by Lemma 1.3(1),
(PNR)A=(P:H*). Thus (Q: H)=PnNnRifandonly if p(Q)NA = (P: H*).
]

THEOREM 4.3: For each of the Krull relations in 4.1 and 4.1', H* has a basic
Krull relation if and only if H has its dual relation. That is,

(1) H* hast-LO <= H has t-coLO,

(2) H* has INC <= H has coINC,

(3) H* has GU <= H has coGU.

Proof: (1) (=) Assume that H* has ¢-LO, and consider a faithfully flat H-Galois

extension R C A. Then A C A#H* is an H*-Galois extension, and so has i-

LO. Assume we are given P € Spec(A4). By t-LO in A C A#H*, there exist
1., Q€ Spec(A#H*), with all @} lying over P, such that

(Y Q) € (P: H)A#H") = (P: H)#H".

Define Q; := ¢~1(Q}) € Spec(R); by Lemma 4.2(2), P lies over every Q; since
every @} lies over P. Moreover, since ¢ preserves products and intersections,
(N Q) = ¢71(N: @Y. Now I' = (P : H*)#H" € H-Spec(A#H"); since
(P: H*) = (PN R)A by Lemma 1.3(1), ¢~(I") = PN R by Theorem 1.4. Thus

(ﬂQi)t CPNR
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and H has t-colLO. We can represent this in the diagram

{@iF

{Qi}

(<) Conversely, assume that H has t-col.O, and consider a faithfully flat
H*-Galois extension R C A. Then A C A#H is H-Galois. Given a prime
Q@ € Spec(R), then Q' = ¢(Q) € Spec(A#H). Since H has t-coLO, there exist
Pi,..., P, € Spec(A), such that Q' lies over all P;, and so that (ﬂ;n=1 Pt C
Q' N A. But by 4.2(3), we know that each P, lies over @), and by Theorem 1.4,
Q' NA=(Q: H)A. Thus H* has t-LO. We express this in the diagram

o
/

{7}

Q

(2) (=) Assume that H* has INC and let R C A be a faithfully flat H-Galois
extension; then A C A#H* is H*-Galois. Assume Q2 C Q; in Spec(R), with
Q1 # Qz, and let Q) = $(Qs) € Spec(A#H"). Then Q5 C Q4 and Q) # Qb.
Since H* has INC, Q5NA # Q{NA. Asnoted in Theorem 1.4, QiNA = (Q; : H)A.
Thus (Q2 : H)A # (@1 : H)A. But then by Lemma 1.3(2), (Qq : H) # (@ : H),
and so H has coINC.

{<) Assume that H has coINC, and let R C A be a faithfully flat H*-Galois
extension; then A C A#H is H-Galois. Assume P, C P; in Spec(A) with P, #
Py; then (P; : H) # (P2 : H) since H has coINC. By Lemma 1.3(1), ,N R =
(P,: HYNR and (P,NR)A = (P, : H). Thus ,NR # PN R, and H* has INC.

(3) (=) Assume that H* has GU and let R C A be a faithfully flat H-Galois
extension; then A C A#H* is H*-Galois. Assume there are Py C P in Spec(A)
and Q2 € Spec(R) with P lying over Q2. Let Q% := #(Q2) € Spec(A#H™*);Q%
lies over P, by 4.3(2). Since H* has GU, there exists )y € Spec(A#H™) such
that Q5 C Q) and Q) lies over Py. Again by 4.3(3), P lies over ¢~1(Q}); setting
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Q1 := ¢~ 1(Q}), we see H has coGU. We express this in the diagram
Q

S

/
P 5

Q2

(«) Assume that H has coGU and let R C A be a faithfully flat H*-Galois
extension; then A C A#H is H-Galois. Assume that Q2 C @, in Spec(R) and
P, € Spec(A) with P, lying over @, and set Q; := ®(Q;); then Q) C @} and
Q4 lies over P, by the lemma. Thus coGU for H gives some P; € Spec(A4) with

Py D P, and @] lying over P;. But then P, lies over @y and so H* has GU. We
express this in the diagram

Q2

We next show that in order to verify the Krull relations for H, we may assume
that the faithfully flat H-Galois extension R C A is of a more special form; that
is, R is H-prime . Before doing this we require some facts about prime ideals
and passing to quotient rings. Recall from Lemma 1.6 that for any H-stable
ideal I of R, IA = AI is an ideal of A, and for R:= R/I, A:= A/IA,RC Ais
a faithfully flat H-Galois extension. Moreover, as noted in Remark 1.7, images
(resp. preimages) of H-stable ideals in R (R) are H-stable .

LEMMA 4.4: Let R C A be faithfully flat H-Galois, let I be an H-stable ideal
of R, and let R C A be as above. Then

(1) I € H-Spec(R) if and only if R = R/I is an H-prime ring.

(2) If P € Spec(A) with IAC P, then PNR={0} < PNR=1.

(3) IfQ € Spec(R) with I C Q, then (Q: H) = {0} <= (Q: H)=1.

Proof: (1) This is clear by the remarks before the lemma about H-stable ideals.
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(2) (=) Assume PN R = {0}; then PN R = {0}, and so PNRC [ANR = 1.
Thus PN R C I. Conversely /A C P implies I C PN R.

(«) Assume PN R = I, and choose p € P, r € Rsuch that p=7 € PNR.
Thenp—r € JAC P,and sor € PN R =I. Then 7 = 0; that is, PN R = {0}.

(3) (=) Since I € Q, I C (Q : H) are H-stable ideals of R. Thus (Q : H)
is H-stable in R, and so (Q: H) C (Q : H). Thus (Q : H) = {0} implies
(Q:H)={0},andso (Q:H)C I Thus(Q:H)=1.

(<) Assume (Q : H) = I, and let J be the inverse image in R of (Q : H).
Then since (Q : H) is H-stable , J is H-stable , and J C Q since (Q : H) C Q.
Thus J C (Q: H), and so J C (Q: H) = {0}. Thus (Q: H) = {0}. [ |

ProPOSITION 4.5: Consider extensions R C A satisfying
(%) R C A is faithfully flat H-Galois and R is H-prime.

(1) H has t-LO if and only if for all extensions (x) there exist Pi,..., P, €
Spec(A), with n < dim H, such that P,NR = {0} for all i and ((\,—, P;)' =
{0}.

(2) H has INC if and only if for all extensions (x) and any P € Spec(A),
PN R = {0} implies P is a minimal prime of A.

(3) H has GU if and only if for all extensions (x), the diagram for GU in 4.1(3)
holds when (Q2 : H) = P,N R = {0}.

(1) H has t-coLO if and only if for all extensions (x), there exist Q1,...,Qm €
Spec(R), with m < dim H, such that (Q; : H) = {0} for all j and ((]~; Q;)* =
{0}.

(2) H has coINC if and only if for all extensions (x) and any Q € Spec(R),
(Q: H) = {0} implies @ Is a minimal prime of R.

(3) H has coGU if and only if for all extensions (x), the diagram for coGU in
4.1(3) holds when (Q2 : H) = PN R = {0}.

Proof: (1) (=) This is the special case of -LO when Q = {0}, so that I =
(Q: H) = {0} is H-prime .

(<) Assume we are given some ) € Spec(R); then I = (Q : H) € H-Spec(R).
Let R and A be as in Lemma 4.5. Since R is H-prime , there exist P, ..., P, €
Spec(A), with n < dim H, such that P;n R = {0} for all i and (), P;)* = (0).
Let P; be the inverse image of P; in A; then each P; € Spec(A), and LN R =1
by Lemma 4.5(2). Thus each P; lies over @, since I = (Q : H). Moreover
(N; Pt C IA.
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(2) (=) This is a special case of INC. For if PN R = {0} and P is not minimal,
then P, C P for some P, € Spec(A). But then P, N R # PN R, a contradiction
since ,NRC PNR={0}.

(<) Assume we are given P, C Py in Spec(4) and let I = P,NR; I €
H-Spec(R) by Lemma 2.2(3). Passing to R and A as in (1), R is H-prime and
P, C Py in Spec(A). By Lemma 4.5, N R = (0). If AN R = P, N R, then also
Py N R = (0). By hypothesis this implies P; is minimal, a contradiction. Thus
P NR# P,N R and H has INC.

(3) This is proved by going to R C A as above.

(1) Although this is just the dual of (1), we give the details.

(=) This is the special case when P € Spec(A) such that PN R = 0; such a P
exists by Lemma 2.2(3).

(<) Assume we are given some P € Spec(A); then I = PN R € H-Spec(R).
Passing to R and A as before, we may assume I = {0} and R is H-prime . Thus
by hypothesis, there exist Q1,...,Qm € Spec(R) such that (Q; : H) = {0} for
all j and such that (N; @;)* = (0). Let Q1,...,Qm € Spec(R) be the inverse
images of Q1,...,Qm, respectively; by Lemma 4.5(3), (Q; : H) =I = PNR and
thus P lies over each Q;. Moreover ((); @;)* C I = PN R. Thus H has t-coLO.

(2)' (=) This is a special case of coINC. For if (Q : H) = {0} and Q is not
minimal, then Q2 C Q for some Q2 € Spec(R). But then (Q;: H) # (Q : H), a
contradiction since (Qy : H) = {0}.

(<) Assume that Q2 C Q in Spec(R) and let I = (Q2 : H); then I €
H-Spec(R) by Lemma 2.2(2). Passing to R and A again, we see that (Q2 : H) =
{0} by Lemma 4.5(3). If (Qy : H) = (Qz : H), then also (Q; : H) = {0} and

so by our hypothesis, Q; is a minimal prime of R. But I C Q2 ¢ Q; implies

Q2 € Q1, in R, a contradiction. Thus (Q; : H) # (Q2 : H) and H has coINC.
(3)’ This is proved routinely by passing to R C A. |

In fact it is sufficient to verify the Krull relations for H in a much more special
situation.

COROLLARY 4.6: For any of the Krull relations in Definitions 4.1 and 4.1', H
satisfies the given relation if and only if it satisfies the relation for H-Galois
extensions of the form A = R#H, where R is an H-module algebra.

Moreover, one may assume in addition that R is H-prime and that the Krull
relations have the special forms in Proposition 4.5.

Proof: First note that in the proof of Theorem 4.3, in each case only the fact that
H (or H*) satisfied the assumed property for the case A C A#H (or A C A#H*)
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was needed; that is, for the case when the Galois extensions is an ordinary smash
product. This observation implies the first part of the corollary, for if H satisfies
the property for smash products, then H* satisfies its dual, and so H satisfies
the property in general, using Theorem 4.3 and its proof.

To see the second part, we may pass to quotients as in Proposition 4.5. One
only needs the additional fact, as noted in Remark 1.7(2), that if A = R#H,
then A = R#H, again a smash product. |

We can now connect our definition of lying over to the more usual one involving
minimal primes.

COROLLARY 4.7: Let R C A be faithfully flat H-Galois. Assume P € Spec(A)
and () € Spec(R) as usual.
(1) If H has t-LO and INC, then

P lies over ) <= P is minimal over (Q) : H)A.

Assume in addition that R is H-prime . Then P is minimal in Spec(A)
if and only if PN R = {0}. Moreover A has n < dim H minimal primes,
call them Pi,...P,; if N = (\!_, P,, then N* = {0} and N is the largest
nilpotent ideal of A.

(2) If H has t-coLO and coINC, then

P lies over Q <= Q is minimal over PN R.

Assume also that R is H-prime . Then @ is minimal in Spec(R) if and only
if (Q : H) = {0}. Moreover R has m < dim H minimal primes, call them
Q1,. ., Qm; if N = ﬂ;"zl @Q;, then N* = {0} and N Is the largest nilpotent
ideal of R.

Proof: (1) First assume that P is minimal over (Q : H)A. If H has ¢-LO, then
there exist Pi,..., P, € Spec(A), with all P; lying over Q, such that (", P;)* C
(Q: H)A C P. Since P is prime, P; C P for some j; since P is minimal, P = P;.
Thus P lies over . Conversely assume that P lies over ), and say that there is
some P5 € Spec(A) such that (@ : H)A C P, C P. If H has INC and P, # P
then P, N R # PNR; but (Q: H) = ,NR = PN R since P lies over @, a
contradiction. Thus P, = P and P is minimal.

When R is H-prime , I = {0} is an H-prime ideal, and we apply the above fact
to the case when (Q : H) = {0} to see that P is minimal in Spec(A) if and only
if PNR = (Q: H) = {0}. Now use the formulation of ¢-LO in Proposition 4.5(1)
to see that A has primes P,..., P, with P,N R = {0} (which are necessarily
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minimal by the above) such that if N =_; P;, N* = {0}. Since for any other
P € Spec(A), ([T, Pi)* € P, and so P; C P for some i, the set {Py,...,P,} are
all the minimal primes of A. Moreover since A/N is semiprime, N is the largest
nilpotent ideal of A.

(2) This argument is similar to (1). If @ is minimal over PN R, it follows from
t-coLO that P lies over (}. Conversely if P lies over (), one uses coINC to see
that € is minimal over PN R. Thus P lies over @) if and only if @ is minimal over
PN R, and thus when R is H-prime , it follows that ) is minimal in Spec(R) if
and only if (Q : H) = {0}. The last statement about N and the set of minimal
primes now follows from the formulation of ¢-coL.O in Proposition 4.5(1)". 1

Remark 4.8: In this section we have ignored one of the fundamental Krull rela-
tions, namely going down (GD); this is because it is in fact only a weaker version
of t-LO. To see this, one can make the definitions (analogous to going up) as
follows: H has GD (resp. coGD) if for all faithfully flat H-Galois extensions
R C A, the diagram (i) (resp. (ii)) holds:

/o -
(%) Q1 P, (31) 1 P,
— P
Q2 Q2
As we showed for the other Krull relations, GD and coGD are dual, and it suffices
to check them for smash products A = R#H in which R is H-prime .

We now compare these definitions with t-lying over:

SUBLEMMA: If H has t-LO (respectively, t-coLO), then H has GD (resp., coGD).

Proof: By duality it suffices to show that ¢-LO implies GD. Thus we assume that
Q2 C Q1 in Spec(R) and that Py lies over 1. By t-LO, there exist P,,,... P> €
Spec(A) such that all P, lie over @, and such that (-, P»,)* C (Q2 : H)A.
But (Q2: HYA C (Q1: H)A= (P N R)A C Py. Thus for some j, P;; C P, and
Py, lies over Q2. By setting P, = P»;, the result is proved. 1

Example 4.9: Let H = kG be a group algebra. By Ulbrich’s theorem, R C A is
H-Galois if and only if A is strongly G-graded with R = A,, that is AgAp = Agp
for all g,h € G, where A = @, Ay- Thus in this case faithful flatness is
automatic, since R is a direct summand of A.
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We claim that H satisfies all of the Krull relations in 4.1 and 4.1’. First, by
Corollary 4.6, it suffices to show that they hold when R is an H-module algebra
and A = R#H, that is when there is an ordinary action of G on R. But now
the “dual” Krull relations ¢-col.O, coINC, and coGU are almost trivial. For,
if I € G-Spec(R) then there exists @ € Spec(R) such that I = (|, 4(z - Q);
conversely given Q € Spec(R), then (Q : G) = (|, c(z - Q) is G-prime. Thus
kG satisfies 1-coL.O. To see coINC, note that (Q : G) = (@’ : G) if and only if
Q' =z Q for some z € G. Finally coGU holds, for if P, O P, in Spec(A) and
P, lies over @2, then PN R = (), z - Q for some @ € Spec(R) since P, N R
is G-prime. Thus ,NR =),z Q2 C PPN R C Q, and so for some z € G,
z-Qo C Q. But then @y C 27! - Q and we may set Q; ==z~ '- Q.

The fact that H satisfies t-LO, INC, and GU follows from the rather non-trivial
work of Lorenz and Passman [P, 16.6], where these relations are shown for crossed
products A = R x G = R#,kG; again, this suffices by 4.6.

Thus all of the Krull relations hold for strongly graded rings; dualizing, all of
the Krull relations hold for a faithfully flat (kG)*-Galois extension R C A (that
is, there is a G-action on A).

Remark 4.10: We now consider the more general case when H is finite-
dimensional and pointed. Then the question as to whether H has t-L.O or INC
is open. But H has m-coLO for some m < dim H depending on the coradical
filtration of H, coINC, coGU and GU. Moreover, lying over in the classical sense
does hold; that is, for any Q € Spec(R), there exists P € Spec(A) such that @ is
minimal over PN R.

Proof: Again by Corollary 4.6 it suffices to consider extensions R C A = R#H
where R is an H-module algebra. Then GU is shown in [CRW, 3.6]. Using Chin’s
Lemma 2.5 the other Krull relations follow easily as in the previous example for
group algebras. To see m-coLO, let P € Spec(A). By 2.2, PNR = (Q : H) for
some () € Spec(R). By 2.5(1),

(NEo) c@:m
z€G

This shows m-coL.O. As in 4.9, coINC holds since for prime ideals Q1,Q2 €
Spec(R), (Q1 : H) = (Q2 : H) if and only if Q2 = z - Q for some z € G(H)
by 2.5(2). In the same way one shows coGU (see [Ch90, 3.6]). Finally, we see
that classical lying over holds. If Q@ € Spec(R), then Lemma 2.2 gives some

P € Spec(A) such that PN R = (@ : H). But now coINC implies that Q is
minimal over PN R. a
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5. Comodule algebras with a total integral (or, module algebras with
a surjective trace)

In this section we show that for many of the Krull relations of Section 4, our
assumption that B C A be faithfully flat H-Galois can be considerably weak-
ened. We consider here H-comodule algebras A, with R = A% such that A
has a total integral for H in the sense of Doi: that is, there exists a unital
right H-comodule map v: H — A. Equivalently, A is an injective H-comodule
[D]. Such a map v always exists if B C A is faithfully flat H-Galois [D, 1.6],
[S1, Th. I].

Since the arguments we use generalize those for the action of a finite group in
[M81] and for group graded rings in [CM], [MSm], we will work here with actions
of H rather than coactions. Thus, assume that H is finite-dimensional and let A
be an H-module algebra with invariants R = A, Choose t € | Il{; thenf: A - R
given by £(a) =t - a is a trace map. f is surjective if £{(A) = R; equivalently
there exists ¢ € A such that t-c=1.

That this notion is equivalent to the one above was shown by Doi and by Cohen
and Fischman; see [M, 4.3.9]. In particular the trace map is always surjective if
H is semisimple.

LEMMA 5.1: Let A be a left H-module algebra, and consider A as a right H*-
comodule algebra. Thent: A — AH is surjective if and only if there exists a total
integral v: H* — A.

Since our extension R C A is not Galois, we do not have a correspondence

between ideals as in Lemma 1.3. Instead, the role of “H-prime ” ideals of R will
be played by the set of ideals

{PNR| P e Spec(4)}

and our notion of P lying over ¢ in 2.3 is replaced by q being minimal over PN R,
for P € Spec(A) and q € Spec(R). Morita equivalence of A#H with R will be
replaced with a weaker correspondence, as follows. We need a classical lemma.

LEMMA 5.2: Let S be aringand 0 # e = e? € S. Let ¢: S — eSe be given by
s+ ese, and let Spec,(S) = {P € Spec(S) | e ¢ P}. Then:
(1) ¢ takes ideals of S to ideals of eSe, preserves intersection of ideals, and for
ILJ<a S, o(Ie(J) C o(1J).
(2) ¢ preserves containments, and if I 4 S, P € Spec,(S) with ¢(I) C ¢(P),
then I C P.
(3)  induces a bijection Spec,(S) = Spec{eSe).
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For a proof of (3), see [P, 17.8]; (2) is implicit in those arguments and (1) is
straightforward.

In our situation, more can be said. From [M, 4.3.4], we have
LEMMA 5.3: Le A be a left H-module algebra with surjective trace, say t-¢ = 1,

and let S = A#H. Then e := (1#t)(c#1) = ic is an idempotent in S and
eSe = Afle = AY where the last isomorphism (of algebras) is given by ae — a.

The proof of 5.3 follows from the elementary computation
(%) e(afth)e = e(h)eae = e(h)(t - (ca))e.

Thus when e € A¥, eae = ae since t-c=1.

LEMMA 5.4: Let A and e be as in 5.3 and let p: A#H — Afe be as in 5.2,
(1) For any J < A,

o((J : H)#H) = o((J : H)) = (J N R)e.
(2) For q € Spec(R) and P € Spec(4),

q is minimal over PN R <= Q =¢~!(q) is minimal
over I = (P: H)#H in A#H

(here we have identified (J N R)e with J N R and qe with q).

(

Proof: (1) o((J : H)#H) =e((J : H)#H)e = e(J : H)e = o((J : H)), by (*),

ande(J:H)e=(t-(c(J : H))eC (t-(J:H)eC (JNAT)e2 JNR.
Conversely, clearly JN R C (J : H), and so

(JNR)e=e(JOR)e=@(JNR) C o((J: H))

(2) (=) Assume g is minimal over P N R. If ) is not minimal over I, choose
Q2 € Spec(A#H) with I C Q2 C Q. Now e ¢ Q since ¢(Q) # R; thus
Q2,Q € Spec.(S). By Lemma 5.2(3) it follows that p(I) C ©(Q2) € ¢(Q).
Setting g2 := p(Q2) and using part (1), we see PN R C g2 C q, a contradiction
to the minimality of q. Thus @ is minimal over I.

(<) Assume ) is minimal over I, but for some g2 € Spec(R), PN R Cq2 C
g- Let Q2 := ¢~ 1(q2) € Spec,(A#H); then Q2 C Q since ¢ is bijective on
Spec,(A#H). Also by 5.2(2), I C Q3 since @) is prime and ¢(I) = PN R C
©(Q2) = q2. This contradicts the minimality of Q. |
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THEOREM 5.5: Let A be an H-module algebra with surjective trace and let
R = AH . Assume that H satisfies t-LO.
(1) For each P € Spec(A), there are (only) a finite number of primes in Spec(R)
minimal over PN R, call them qq,...,qy, and 1 < n < dim H. Moreover if
N =_, g, then N* C PNR.
(2) If also H has INC, then for each q € Spec(R), there exists P € Spec(A)
with q minimal over PN R, and if q is minimal over P' N R for some other
P’ € Spec(A), then PPNR = PNR. If in addition H has t-coLO, there are
only m < dim H such primes in Spec(A).
(8) If also H has coINC, and P> C P; in Spec(A), then PN R # PN R.
(4) If also H has coGU and INC, then R C A has “going up” in the sense that
if g2 C q1 in Spec(R) and P, € Spec(A) with q2 minimal over P, N R, then
there exists P; € Spec(A) with Py D P> and ¢ minimal over P; N R.

Proof: (1) We apply t-LO to the extension A C A#H, to see that there
exist Q1,...,Qm € Spec(A#H), m < dimH, such that @, N A = (P : H)
for all i; moreover, if M = (-, Q; then M* C (P : H)#H. Applying ¢ and
Lemma 5.4(1),

p(M)" C p(M") C p((P: H)#H)=PNR.

But also ¢(M) = ()2, ¢(Q:). In this intersection, we may omit any ¢(Q;)
such that e € @, for then ¢(Q;) = R. We may also omit any ¢{Q);) such
that ©(Q;) C p(Q;) for some j. Thus by renumbering, we may write (M) =
Niz, #(Qi), n < m, such that the {p(Q;)} are proper and incomparable. Now
set q; := ¢ 1(Q;) and N = @(M); then N = ., q; and N* C PN R by the
above. We note here that e ¢ N*, so e ¢ N, so there is at least one proper ¢;. If
q € Spec(R) with ¢ D PN R, then q O N* and so q D g, for some . It follows
that {q1,...,9,} is precisely the set of primes in R minimal over P N R.

(2) Let Q@ = ¢~ 1(q) € Spec,(A#H). Then by Lemma 2.2, there exists P €
Spec(A) with (P : H) = QN A. By INC and Corollary 4.7(1), @ is minimal over
(P : H)#H, and so by Lemma 5.4(2), q is minimal over PNR. If also g is minimal
over P'N R, then 5.4(2) implies @ is minimal over (P’ : H)#H. By 4.7(1) again,
QNA=(P : H). Butthen (P: H)=(P' :H)andso PNR = P NR by 5.4(1).

The above argument shows that for any P € Spec(A), q is minimal over PN R
if and only if (P: H) = QN A = ¢~1(q) N A. But when H has t-coLO, there are
only m < dim H such primes in Spec(A).

(3) Assume that P> C P; in Spec(A). Then by coINC, (P, : H) ¢ (P : H),
and thus in A#H, I, = (Po: H)#H C I, = (P, : H)#H. By t-LO, there are
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{L2,;},{L1,} C Spec(A#H), with at most dim H primes in each set, such that
L,,NA = P, and L,, N A = P, for all i, j. Moreover, if Ny = (), Ly, and
Ny =0, Le,, then Ny* C I, and Np' C Ir. Choose Ly, so that e ¢ Ly, (this is
possible as in (1), since otherwise we would have e € Ny, and so e € (N;*) C
P; N R, a contradiction). We may also assume that L,, is minimal over I3, as in

(1). Then

t
<ﬂL2j) = Ngt clhhCl CL,,,
J

and thus for some j, ng C Ly,. In fact ng # Li, since they have distinct
intersections with A. Since Ly, L1, € Spec (A#H), o(L3,) € ¢(Ly,). Moreover
@(I2) = PaNR C p(Lo,). Setting g2 = ¢(Lg;) and a1 = ¢(Ly,), if NR = PINR
we get

PINRCq2 Cq1.

But by Lemma 5.4(2) and our assumption on L., q; is minimal over P; N R,
a contradiction. Thus LN R # P NR.

(4) Assume we are given q2 C q1, and P; as in the statement of (4). Let Q; =
¢~ 1(q;) € Spec (A#H); then Q is minimal over (P, : H)#H by Lemma 5.4(1),
and so by Corollary 4.7(1), (P2 : H) = Q2N A. By coGU, there exists P, D P
so that @1 lies over P; in our old sense, that is (P, : H) = Q1 N A. By 4.7 again,
this means that Q; is minimal over (P, : H)#H. Again by 5.4(2), q; is minimal
over P;. |

We can now extend the notion of equivalent primes in R from [M81].

Definition 5.6: Let A be an H-module algebra, with R = A®. For q;,qs €
Spec(R), we say

g1 ~g g2 <= there exists P € Spec(A4) such that

q1 and g are both minimal over P N R.

In general ~p is not an equivalence relation; however, Theorem 5.5 gives
sufficient conditions for this to happen. The corollary extends [M81] for group
actions and [MSm] for group gradings.

COROLLARY 5.7: Let A be an H-module algebra with surjective trace, let
R = AH and assume H has t-LO and INC. Then:
(1) ~gr as in Definition 5.6 is an equivalence relation on Spec(R). FEach
equivalence class [q] contains at most dim H elements.
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(2) The map
f: Spec(A) — Spec(R)/ ~r, P — {q € Spec(R) | q is minimal over P N R}
is well-defined, surjective, and induces a bijection
f: Spec(A)/ ~1—= Spec(R)/ ~r

where ~y is as in Definition 2.3.

Proof: (1) First, ~p is reflexive since, by Theorem 5.5(2), there exists P €
Spec(R) such that q is minimal over P N R, and ~pg is trivially symmetric.
To see that it is transitive, assume q; ~g g2 and g2 ~g q3. Then there exist
Py, P, € Spec(A) such that q; and g2 are minimal over Py N R and such that g
and g3 are minimal over P, N R. But then g2 is minimal over both P, N R and
Py, R; by 5.5(2), PANR =P, NRand so q; ~g q3. The second statement
follows from 5.5(1).

(2) By (1), f(P) = [a], an equivalence class in Spec(R), except for the possibil-
ity that there are no primes q minimal over P N R; however, this cannot happen
by Theorem 5.5(1). Thus f is well-defined. f is surjective by 5.5(2). Now if
f(P) = f(P'), then some q € Spec(R) is minimal over both PN R and P' N R.
By 5.5(2), PN R = P'N R and thus (as noted in the proof) (P : H) = (P’ : H).
That is, P ~y P’. Conversely,

P~y P = (P:H)=(P':H) == PNR=PNR = f(P)=f(P).

Thus f induces a bijection f on the quotient spaces. |

Part (2) can be considered as a generalization of Corollary 2.4 when H also
has t-LO and INC, because by 4.7 “lying over” is equivalent to “minimal over
PNR.

We remark that unlike the faithfully flat Galois case, not all the Krull relations
hold in such extensions, even if H (and H*) have all the relations in Definition 4.1
and 4.1’. For example, the analog of “coGU” fails for an action of H = kZy over
a field of characteristic not 2, by an example of Montgomery and Small [MSm],
[P, pp. 289-290]; since H =2 H*, it also fails for Z,-graded rings.

6. Transitivity

We consider when the class of finite Hopf algebras satisfying various of the Krull
relations is closed under extensions.
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In this section, let H be a finite-dimensional Hopf algebra , K a normal sub
Hopf algebra of H, H := H/HK* and m: H — H, (k) = h, the quotient map.
Recall that a sub Hopf algebra K of H is normal if it is stable under both adjoint
actions, i.e. 3" h1kS(h2) and > S(hy)khq arein K forall k € K and h € H. (In
the finite case it suffices to assume stability under one of the adjoint actions.)

LEMMA 6.1:
(1) K ¢ H-5H is a strictly exact sequence of Hopf algebras [S4], i.e. H is
(left and right) faithfully flat over K. Hence H — H is conormal and
K — HCOI:I'
(2) The dual sequence of Hopf algebras H* — H* — K* is again strictly exact.

Proof: By [NZ] H is free over K, hence faithfully flat . Then H — H is conormal
and K = HH by [S4, 1.4]. Hence by duality, H* is isomorphic to a normal sub
Hopf algebra of H*, and the dual sequence is strictly exact. 1

We also fix a faithfully flat H-Galois extension R C A and let
B = AK)=A'(A® K).

Then B is a right K-comodule algebra by restricting A4 to B. A will be consid-
ered as a right H-comodule algebra via

AP A0 H®T A0 H.

LEMMA 6.2: R C B is faithfully flat K-Galois, and B C A is faithfully flat
H-Galois. (This also holds for infinite-dimensional H when H is faithfully flat
over K.)

Proof: R ¢ A(K) = B is faithfully flat K-Galois for any sub Hopf algebra K
by [S1, 3.11(2)]. A%F C A is faithfully flat H-Galois by [S1, 3.10] since H is
right H-coflat by [NZ]. Thus it remains to show that B = A®¥. For all a € B,
Yag®a; € A®K, hence Y, ap®a; = a®1 since @; = €(a;)1, and so a € AcoH
Conversely, if a € 4% then 3~ ao®d; = a®1 and ¥ ap®a; ®ay = 3 ag®a1 ®1.
Hence Y ap®a; € A® HF = A® K since H°H = K by 6.1. Thus a € B.
1

The next lemma is needed to prove transitivity of Krull relations from R C B
and B C A to R C A, that is, to prove “going up” from K and H to H.

LEMMA 6.3:
(1) H-stable idealsin R are K-stable, and for any ideal I in R, ({I : K): H) =
(I:H).
(2) For any ideal J in B, (J: H)NR=((JNR): H).
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Proof: (1) This is a special case of 3.3. However, here the proof follows directly
from the category equivalences Mp & Mi;" and gM =24 MH. For any ideal |
in R these equivalences imply (IA)NB =(IBA)NB =1IB and (AI)Nn B = BI.
Thus IB = BI if TA = Al

(2) (a) First we show that J N R is H-stable for any H-stable ideal J in B.
Since J is H-stable, JA = AJ is an ideal in A and JAN R is H-stable by 1.3(1).
By 1.3(2), (JA)NB =J. Hence JNR=(JA)NBNR = (JA)N R is H-stable .

(b) For an arbitrary ideal J in B, (J : H) is H-stable. Hence (J : H)N R is
H-stable by (a). Thus

(J:A)NRC ((JNR): H).

To prove the other containment, let J' := ((JNR) : H). Then BJ' = J'B since J'
is H-stable hence K-stable by (1). Thus J/BA = J'A= AJ' = ABJ' = AJ'B,
and J'B = BJ' is an H-stable ideal in B contained in J. Therefore J' C
(J: HYNR. ]

We can now show transitivity for “lying over”.

COROLLARY 6.4: Let P € Spec(A), L € Spec(B), and Q € Spec(R). If P lies
over L and L lies over Q) then P lies over Q).
Proof: By assumption, PN B = (L: H)and LN R = (Q : K). Hence by 6.3,
PNR=(PNB)NR=(L:H)NR=((LNR):H)
—(Q:K):H)=(Q:H).

We will prove our results on transitivity of the Krull relations in an axiomatic
setting since we want to apply them in two different situations. Our abstract
transitivity results will prove “going up” of the Krull relations from K and H
to H. They will also be used in the next section to study the question of which
Krull relations are reflected under field extensions.

Let R C A be any ring extension; we wish to consider certain relations between
prime ideals P in A and prime ideals @ in R. Formally, the relation is a set R
C Spec(A) x Spec(R). The relation is called a lying over relation if PNR C Q
for all (P,Q) € R. A lying over relation is called strong if PN R = P’ N R for
all P, P’ € Spec(A) lying over the same prime ideal in R.

In this section we will use the lying over relation of 2.3 for H-Galois extensions.
In the next section we are given a field extension k C F and study the base field
extension S C S® E, S any k-algebra. In this example, P € Spec(S ® E) is said

to lie over @ € Spec(S) if PNS = Q. Both are examples of strong lying over
relations.
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Definition 6.5: Let R C A be a ring extension with a lying over relation.

(1) Let £,n > 1. The extension R C A has (t,n)-coLO if for all P € Spec(A4)
there are Q1,...Qn € Spec(R) such that P lies over all Q; and ((\—; Q:)*
PNR.

(2) R C A has GU if for all @1 C @, in Spec(R) and P; € Spec(A) lying over
Q1 there is a P, € Spec(A) lying over ()7 and containing P;.

(3) R C A has INC if for all P, C P, in Spec(A), PANR# P,NR.

(4) We say R C A has property (P} if for all P € Spec(A4), (PN R)A is an
ideal in A and (PN R)A)NR=PNR.

THEOREM 6.6: Let R C B and B C A be ring extensions with lying over rela-
tions. Define a lying over relation for R C A by transitivity: P € Spec(A) lies
over @ € Spec(R) if there is an L € Spec(B) such that P lies over L and L lies
over Q. Let m,n,s, and t be positive integers.
(1) Assume R C B has (s,m)-coLO and B C A has (t,n)-coLO. Then R C A
has (st, mn)-coLO.
(2) Assume R C B has (s,m)-coLO and GU, and B C A has (t,n)-coLO and
GU. Then R C A has GU.
(3) Assume R C B satisfies (P) and has INC, and B C A has a strong lying
over relation with (t,n)-coLO and INC. Then R C A has INC.

Proof: (1) Let P € Spec(A). Since B C A has (t,n)-coLO, there are L1,...L, €
Spec(B) such that P lies over all L; and (N]_; L;)* C PN B. Since R C B has
(s,m)-coLO, for all L, € Spec(B) there are Q;,,...Q;,, € Spec(R) such that L;
lies over all Q;; and (-, @i,;)® C L; N R. Then

(ﬁﬁ%)“c (ﬁ(ﬁ@) ) (ﬂ(L nR) (ﬂy)

i=13=1 i=1 j=1

CPNBNR=PNR.

Also P lies over all Q;, since P lies over L; and L; lies over Q;, for all , j.

(2) Let Q2 C Q in Spec(R) and P, € Spec(A) lying over 2. Since B C A
has (£,n)-coLO there are Lq,...,L, € Spec( ) such that P2 lies over all L; and
(N, L;)t ¢ PN B. Then (ﬂl (LinR)) C (Nie; Li)* N R C P,NR. Since
P, lies over Q2, P, N R C Q2 C Q. Hence L;NnRcC Q1 for some i since @ is
prime. Since R C B has (s,m)-coLO there are Q},...Q!, € Spec(R) such that
L; lies over all Q7 and (ﬂ;"zl Q7)° € LiNR. Hence Q) C @, for some j since
Li N R is contained in the prime Q. Let Qo := Q}. Then Qo C @1 in Spec(R)
and L; € Spec(B) lies over Qp. By GU for R C B, there is a prime ideal L in B
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lying over ()1 and containing L;. By construction, P, lies over L;. Hence by GU
for B C A, there is a prime ideal P, in A lying over L, and containing P,. This
proves GU for R C A since P; lies over L] and L lies over Q.

(3) Let P, C P, be prime ideals in A and assume P, N R = P, N R. Since
B C A has (t,n)-coLO there are Q1,...,Q, € Spec(B) such that P; lies over all
Q; and (N, @:)' C PN B, and also Q1,...,Q}, € Spec(B) such that P, lies
over all Q% and (-, @})* C P, N B. Hence (;_,Q})' C RNB C PANB.
Since P; lies over Q;, Py N B C Q; for all i. Thus for all ¢, Q; C Q; for some
j. By INC for B ¢ A we know P,N B C PN B. Since B C A has a strong
lying over relation, P» and P; do not both lie over the same prime ideal in B. In
particular, Q;- # Q; for all 4, 7. By INC for R C B we therefore have shown that
for all 4, Q5 N R C Q; N R for some j. Since P, N R = P; N R by assumption,

(@ nR)Y c(()@)NRCPRNR=PNR

i=1 i=1
Since P; lies over all @}, we have , NR = N BN R C Q; N R. Therefore
(Niz1(QiNR))* C QN R for all j. Since R C B satisfies property (P), for all j,
(QiN R)B C Q) for some ! and

QiNR=(QNR)B)NR)CQ;NR.

Altogether we have shown that for all 4, ;N R C Q; N R for some {. But this is
impossible since the number of the @ is finite. ]

We now go back to the situation of Galois extensions R C B C A described in
the beginning of this section. Theorem 6.6 together with 6.4 then implies

THEOREM 6.7: Let H be a finite-dimensional Hopf algebra , K a normal sub
Hopf algebra of H and H := H/HK*.
(1) Assume K has s-LO (resp. s-coLO) and H has t-LO (resp. t-coLO). Then
H has st-LO (resp. st-coLO).
(2) Assume K has s-coLO and H has t-coLO (resp. s-LO and t-LO) for some
sandt. If K and H have GU (resp. coGU), then so has H.
(3) Assume H has t-coLO (resp. K has t-LO) for some t. If K and H have
INC (resp. coINC), then so has H.

Proof: In all cases, by 6.1 and 4.3 it suffices to prove the coLO version. Lying
over as defined in 2.3(1) is clearly a strong lying over relation. By 1.3(1) and (2)
faithfully flat Galois extensions satisfy property (P). Hence the theorem follows
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from 6.6, since by 6.4 “lying over” for R C A in the sense of 6.6 implies lying
over. 1

7. Extending the ground field

Let H be a finite-dimensional Hopf algebra . We first note that trivially all Krull
relations for H are preserved under field extensions.

LEMMA 7.1: Let k C E be any field extension. If R C A is a faithfully flat
H ® E-Galois extension over the ground fleld E, then R C A is also faithfully flat
H-Galois over k by restriction of the ground field. In particular, if H satisfies
one of the Krull relations, then so does H ® E.

Proof: R C A is an extension of E-algebras, hence of k-algebras by restriction.
The H ® E-comodule structure of A defines an H-comodule algebra structure
over k by A+ A®g (HQE) = A® H. The Galois map for A over k is

AQRA > AR (H®E)® A® H.

Hence R C A is faithfully flat H-Galois. Note that +-LO, INC, ... are all
defined in terms of H-Galois extensions R C A and they only depend on the ring
extension R C A. Hence the lemma follows trivially. 1

The more difficult question is which properties of H are reflected under field
extensions. Let & C F be any fleld extension. If S is any k-algebra we will
use “lying over” for the ring extension § C S’ = S ® F in the usual sense:
P’ € Spec(S’) lies over P € Spec(S) if PPNS = P. For any ideal J in &',
(JNS)S' = (JNS)E is an ideal in ', and for any ideal I in S, (IS'YNS =1. In
particular, S C S’ satisfies property (P) in the last section. The ring extension
S C S’ has the following Krull relations:

LEMMA 7.2:
(1) Spec(S’) — Spec(S), P’ — P'N S, is well-defined and surjective.
(2) S ¢ 8 has GU.
(3) If k C E is algebraic, then S C S’ has INC.

Proof: (1), (2), and (3) are shown in [R, 2.12.39, 2.12.50, and 3.4.13']. |

To apply the abstract transitivity results of the last section, we need the
following cutting down lemma.



226 S. MONTGOMERY AND H.-J. SCHNEIDER Isr. J. Math.

LEMMA 7.3: Let H be a finite-dimensional Hopf algebra , R C A a faithfully flat
H-Galois extension and k C E any field extension. Then R\ .= RQ E C A’ :=
A® FE is faithfully flat H = H ® E-Galois over E.

Assume P’ € Spec(A’) lies over Q' € Spec(R'). Define P .= P' N A and
@ = Q' N R. Then P € Spec({A) lies over ¢ € Spec(R).

Proof: (1) Trivially, R’ C A’ is again faithfully flat H'-Galois. First we show for
anyideal Iin Rand I':=IQE, (I’ :H)NR=((I'"R): H).

To prove that (I’ : H') N R is contained in the right hand side, note that
((I' : H')A")N A is a sub H-comodule, hence is extended. Therefore,

(I' : HYAYN A= (I : H)A) N R)A = (I : H) N R)A.

Since (I’ : H')A' = A’(I' : H'), by the same argument on the other side we get
(I : HYNR)A = A((I' : H')NR). Thus (I' : H') N R is H-stable , hence
contained in (I’ R) : H).

To prove the other inclusion, let J be any H-stable ideal of R contained in I'.
Then JA = AJ and (JE)A' = A(JE). Hence J CJE C (I' : H').

(2) To prove the lemma, note that P and @ are prime ideals by 7.2(1). By
assumption P’ N R' = (Q': H'). Hence

PNR=PNR=(Q :H)NR=(Q:H),
where the last equality follows from (1). |

THEOREM 7.4: Let H be a finite-dimensional Hopf algebra and k C E a field
extension. Let t be a positive integer.
(1) If H® E has t-LO (resp. t-coLO), then so does H.
(2) Assume H ® F has t-coLO and GU (resp. t-LO and coGU). Then H has
GU (resp. coGU).
(3) Assume H ® E has t-coLO and INC (resp. t-LO and INC) and k C E is
algebraic. Then H has INC (resp. coINC).

Proof: Let R C A be faithfully flat H-Galois. Then R := RQE C A’ :=AQE
is faithfully flat H’-Galois, where H' := H ® E. We consider “lying over” for the
Galois extensions R C A and R’ C A’ as in 2.3(1) and for RC R’ and A C A’
as in 7.2. The idea in each case is to apply 6.6 for R C R’ C A’. Cutting down
by 7.3 then yields the desired result. Note that R C R’ has (1,1)-coLO, GU and
INC by 7.2. By duality (4.3), it suffices to prove the unbracketed statements.
(1) Assume H' has t-LO. Let P € Spec(A4). By 7.2(1), P'N A = P for some
P’ € Spec(A’). By 6.6(1), R C A’ has (t,n)-coLO, where n = dim H. Hence
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there are Q1,...,Q, € Spec(R) such that P’ lies over all Q; and (., Q:)* C
P'NR = PNR. Thus for all 4, P’ lies over some @} € Spec(R’) with Q;NR = Q;.
Hence P lies over all Q); by 7.3.

(2) Let Q2 C @ in Spec(R) and P, € Spec(A) lying over Q2. By 7.2(1),
P} N A = P, for some P; € Spec(A’). By 6.6(2), R C A’ has GU and there
is a prime P{ in A’ lying over Q; and containing P;. Thus P| lies over some
Q) € Spec(R') with Qi N R = Q1. Then P; := PLN A D P, is in Spec(A)
by 7.2(1) and lies over @1 by 7.3.

(3) Let P, C Py in Spec(A). By 7.2(1) and (2), there are Py C P; in Spec(A’)
such that PN A = P, and PN A = P;. Since R C A’ has INC by 6.6(3),

PBRNR=P,NRCPNR=PNR. 1

8. Consequences

Let H be a finite-dimensional Hopf algebra . A normal series
Hyyw=kCcH,C---CHy=H

is a sequence of sub Hopf algebras such that H;., is a normal sub Hopf algebra
of H; for all 0 < i < n. The quotient Hopf algebras H; := i/HiHifH are the
quotients of the normal series.

From 6.6 we immediately get

COROLLARY 8.1: Suppose H has a normal series with quotients H;, 0 < i < n.
Let s;,t; for 0 < i < n be positive integers.
(1) Assume all H,; have s;-coLO. Then H has s-coLO, where s := 5381 - 8y,
and if all quotients have INC (resp. GU), then so does H.
(2) Assume all H; have t;-LO. Then H has t-LO, where t := tyt; - - - t,,, and if
all quotients have coINC (resp. coGU), then so does H.

We first want to derive consequences from 8.1 and 7.4 together with known
results for pointed Hopf algebras in 4.10.

We call H solvable (resp. cosolvable) if H has a normal series with commu-
tative (resp. cocommutative) quotients.

LEMMA 8.2:
(1) Let K be a sub Hopf algebra and L a normal sub Hopf algebra of H. Then
the canonical map K/K(KNL)*™ — H/HL" is injective. Thus the second
isomorphism theorem for finite-dimensional Hopf algebras holds, that is,

K/K(KNnL)* = (KL)/(KL)L*.
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(2) Let K be a sub Hopf algebra and H a quotient Hopf algebra of H. If H is
solvable (resp. cosolvable), then so are K and H.

Proof: (1) We first have to show that K "N HLT = K(K N L)T. Let p: H —
H/HLY be the canonical map. Consider H as a left p(H)-comodule algebra via
(p®id)A. Then L = ©PH) [ by [T, Th. 1] since H is (left) faithfully flat over L
by [NZ]. Hence KNL = P K. Again by [NZ], K is (right) faithfully coflat over
p(K) since K* is free over p(K)*. Hence we get from [T, Th. 2] that KNHL' =
K(©PH)K)t. Thus KNHLT = K(KNL)*, andso K/K(KNL)* — H/HL+ is
injective. It then follows that the canonical map K/K(KNL)* — (KL)/(KL)L*
is injective; it is clearly surjective.

(2) Let Hypy = k C H, C -+ C Hy = H be a normal series of H. Define
K, = H;N K for all i. Then

k:Kn.HCKnC"'CKICKQ:K

is a normal series of K. For all 4, the canonical map K; := K;/K;K}}, —
H;/ 1‘151:[{‘;Ll =: H;, is injective by (1) applied to the sub Hopf algebra K; and the
normal sub Hopf algebra H;,; of H;.
Similarly, let m: H — H be the canonical projection and define H; := w(H;)
for all i. Then
H, . =kCcH,C---CHy=H

is a normal series for H, and for all i, the natural map from Hi/HiHiﬁ_l to
H;/H;H}, | is surjective. Now the claim is obvious. (]

THEOREM 8.3: Let t =dimH.
(1) If H is cosolvable, then H has t-coLO and GU.
(2) If H is solvable, then H has t-LO and coGU.
(8) If H is solvable and cosolvable, for example if H is solvable and
cocommutative, then H has t-LO, t-coLO, GU, coGU, INC and coINC.

Proof: (1) Let K be one of the quotients of a normal series of H with cocommuta-
tive quotients. Then K ®k, k an algebraic closure of k, is pointed. Hence, by 4.10
and 7.4, K has s-coLO and GU, where s = dimK. By [M, 3.3.1], t = dim H
is the product of the dimensions of all the quotients of the normal series. Then
by 8.1(1), H has t-coLO and GU.

(2) This is shown as (1) using 4.3.

(3) Let Hpyy = k C H, C --- C Hy = H be a normal series of H with
cocommutative quotients H;. Since H is solvable, all H; are solvable by 8.2.
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Thus the quotients H; have t-LO as seen in the proof of (2). By 4.10 and 7.4
they also have coINC and coGU. Therefore, H has coINC and coGU by 8.1(2).

Starting with a normal series with commutative quotients, it follows similarly
that H has INC. 1

Remark 8.4: Let u(g) be the restricted universal enveloping algebra of a finite-
dimensional restricted Lie algebra g. If g is abelian, then Chin [Ch87, Th. 19]
showed that any crossed product extension R C R#,u(g) satisfies INC. By 8.3(3),
the same result holds for solvable Lie algebras g. In fact, u(g) has all the Krull
relations for solvable g by 8.3(3).

The question as to whether cocommutative Hopf algebras have all the Krull
relations can be reduced to the (open) case of restricted Lie algebras. This follows
from 8.1 and 7.4, since over an algebraically closed field in positive characteristic
any cocommutative Hopf algebra has an irreducible normal sub Hopf algebra H'?
with quotient being a group algebra, and any irreducible cocommutative Hopf
algebra has a normal series with quotients of the form u(g), g a restricted Lie
algebra [Gaj.

Theorem 8.3 can be greatly improved for semisimple Hopf algebras.
We call H semisolvable if H has a normal series with commutative or
cocommutative quotients. The next result improves [MS, Theorem 7.12).

THEOREM 8.5: Let H be semisimple and semisolvable of dimension t. Then H
has 1-LO, t-coLO, GU, coGU, INC, coINC. In particular if R C A is faithfully flat
H-Galois and R is H-prime, for example if R is an H-prime H-module algebra
and A = R#H, then

(1) A has at most n < dim H minimal primes, call them Py, ..., Py,;

(2) P in Spec(A) is minimal if and only if PN R = {0};

(3) N, P = {0},

Proof: Note that (1)~(3) follow from 1-LO and INC.

We first consider the case when H = kG. Then H has all the Krull relations,
as discussed in Example 4.9; in fact, H has 1-col.O. Since H is semisimple, H
also has 1-LO. This follows from 4.5(1) and 4.6, since in the semisimple case
R#H is semiprime for any H-prime H-module algebra R by [FM]. By dualizing
4.9 we see that (kG)* has all the Krull relations and satisfies 1-LO.

Now say H is commutative. By extending the base field and using Theorem
7.4, we may assume that H = (kG)* (we only need an algebraic extension for
this), and thus have the desired conclusion.
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If H is cocommutative, then H is pointed after a finite field extension of the
base field. Thus we may assume that H = K#kG, where K = (kL)* for some
groups L, G (using some classical structure theorems as we did in [MS, 7.12)).
But now K is normal in H, so we may use transitivity to get all the desired Krull
relations for H.

Now use transitivity on any appropiate normal series with commutative or
cocommutative quotients. |

THEOREM 8.6: Let H be cosemisimple and semisolvable of dimension t. Then
H has t-LO, 1-coL.O, GU, coGU, Inc, coINC.

Proof: As in the previous proof it suffices to show the result for commutative and
cocommutative Hopf algebras H. If H is commutative (resp. cocommutative) and
cosemisimple, then H* is cocommutative (resp. commutative) and semisimple.
Hence H has the required Krull relations by 8.5 (for H*) and 4.3. |

COROLLARY 8.7: Assume one of the following:
(1) H is semisimple, cosemisimple and semisolvable.
(2) H is semisimple, the characteristic of k is 0 and the dimension of H is a
power of a prime.
Then H has 1-LO, 1-coLO, GU, coGU, INC, coINC.

Proof: In case (1) this follows from 8.5 and 8.6. Assume (2). By 7.4 it suffices to
consider the case when k is algebraically closed. Then H contains a non-trivial
central group-like element by Masuoka and Zhu [Ma96]. Hence H contains a non-
trivial normal sub Hopf algebra K which is a (commutative) semisimple group
algebra and therefore satisfies the required Krull relations by (1) (or by 4.9, since
K and K* = K are group algebras). Alternatively, one can show that (2) is a
special case of (1) by applying [Ma96] to H*. ]

We now specialize to the semiprimeness problem raised in [CF]. Let H be a
semisimple Hopf algebra and R a left H-module algebra which is H-prime . Then
the question is whether the smash product R#H is semiprime.

Definition 8.8: (1) H is called strongly semisimple, if for all left H-module
algebras A with ring of invariants R := A" and for all P € Spec(4), PN R is a
semiprime ideal in R.

(2) H is called strongly cosemisimple, if for all right H-comodule algebras
A with ring of coinvariants R := A°¥ and for all P € Spec(4), PN R is a
semiprime ideal in R.
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Remark 8.9: (1) H is strongly cosemisimple if and only if H* is strongly
semisimple.

(2) I H is strongly semisimple (resp. strongly cosemisimple), then H is
semisimple (resp. cosemisimple).

(3) Any sub Hopf algebra of a strongly cosemisimple Hopf algebra is strongly
cosemisimple.

(4) Any quotient Hopf algebra of a strongly semisimple Hopf algebra is strongly
semisimple.

Proof: (1) is clear from the definition.

(2) Let H be strongly semisimple. Then H is a left H*-module algebra and
H#H* is a right H*-comodule algebra with H*-coinvariants R = H, hence a
left H-module algebra. Moreover, H#H* 22 M, (k), where n = dim H, is prime.
Hence H is semiprime by assumption. Thus H is semisimple.

(3) Let K be a sub Hopf algebra of H. Then any right K-comodule algebra A
is also a right H-comodule algebra with the same ring of coinvariants R. Hence
if H is cosemisimple, P N R is semiprime for all P € Spec(A4).

(4) is dual to (3). |

THEOREM 8.10: The following are equivalent:
(1) H is strongly semisimple.
(2) For all faithfully flat H-Galois extensions R C A with R being H-prime, A
is semiprime.

(3) For all left H-module algebras R which are H-prime , R# H is semiprime.

Proof: (1) = (2): Let R C A be faithfully flat H-Galois and R be H-prime.
Then by 4.2, A#H* is an H-prime left H-module algebra with (A#H*)? = A.
Hence PN A = {0} for some P € Spec(A#H*) by 2.2(3). Since H is strongly
semisimple, {0} is a semiprime ideal, and A is semiprime.

(2)=(3) holds trivially.

(3)=(1) Let A be any left H-module algebra and R := A¥. By (3), H is
semisimple (apply (3) to the trivial H-module algebra k). Hence Section 5 ap-
plies. By 5.4(1), o((P : H)#H) = PNR. We will show below that (P : H)#H is
a semiprime ideal in A#H. Hence (P : H)#H is an intersection of prime ideals
in A#H. Since ¢ in 5.4 preserves intersections, PN R = o((P : H)#H) is an
intersection of -images of prime ideals in B. Then P N R is an intersection of
prime ideals, since for any prime ideal L of A#H, ¢(L) is a prime ideal if € ¢ L
by 5.20r p(L)=Rifee L.
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It remains to show that for any I € H-Spec(A) (such as (P : H)), I[#H is a
semiprime ideal in A#H. To prove this, let A := A/I. Then A is an H-prime
left H-module algebra. By assumption (3), A#H is semiprime. Hence {0} in
A#H is an intersection of prime ideals in A#H, and I#H is the intersection of
their inverse images in A#H. Thus I'#H is semiprime. |

THEOREM 8.11: The following are equivalent:
(1) H is strongly cosemisimple.
(2) For all faithfully flat H-Galois extensions R C A with R being H-prime ,
R is semiprime.
(3) For all left H-module algebras R which are H-prime , R is semiprime.

Proof: This follows by duality from 8.9.

(1) = (2): By 8.9, H* is strongly semisimple. Hence H* satisfies condition (3)
in 8.10. To show (2}, let R C A be faithfully flat H-Galois with R being H-prime.
Then A is an H*-prime left H*-module algebra by 2.2(1). By 8.10(3) for H*,
A#H* is semiprime. Hence R is semiprime by 1.4.

(2) = (3) is trivial (look at the H-Galois extension R C R#H).

(3) = (1): By 8.10, it suffices to verify condition (2) in 8.10 for H*. Thus let
R C A be a faithfully flat H*-Galois extension with R being H*-prime. By 2.2(1)
again, A is an H-prime module algebra. Hence A is semiprime by assumption
(3). |

We now introduce H-semiprime ideals in order to prove H-semiprime versions
of the two previous theorems.

Definition 8.12: Let R C A be faithfully flat H-Galois. An H-stable ideal N of R
is H-semiprime if for any H-stable ideal I of R, I? C N implies I C N. R
itself is called H-semiprime if {0} is an H-semiprime ideal.

Note that 8.12 defines as a special case the usual notion of an H-semiprime
ideal in any left H-module algebra R (where A = R#H).

The classical Levitzki-Nagata argument can be extended to get an analog of
the usual characterization of semiprime ideals:

LEMMA 8.13: Assume that H is finite-dimensional . Then an H-stable ideal N of

R is H-semiprime if and only if N = (| P, the intersection of all P € H-Spec(R)
with P D N.

Proof: By Lemma 1.6 and the remark which follows it, we may assume that
N = {0}; that is, R is H-semiprime. Let I = [\ P, the intersection of all
P € H-Spec(R); we claim I = {0}.
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If not, then since I is H-stable , there exists a finitely generated H-stable ideal
I; with {0} # I, C I, by Corollary 1.5. Now I? # {0} since R is H-semiprime,
and thus again by Corollary 1.5 we may choose a finitely generated H-stable
ideal 0 # I, C I?. Continuing, we obtain a decreasing chain of finitely generated
H-stable ideals {I,} such that 0 # I,, C (I,,_1)? for all n > 0.

We claim that we may apply Zorn’s lemma to the set

S={J<aR|J H-stable , I, ¢ J, for ali n > 1}.

For, S is non-empty since {0} € S, and S is closed under ascending unions since
all the I,, are finitely generated. Thus we may choose P maximal in S.

We claim that P is H-prime . Forif LM C PwithL D Pand M 2 P,for L, M
H-stable ideals of R, then I,, C L and I,,, C M for some n,m by the maximality
of P. Say m > n; then I,y C (I,,)? C Iyl C LM C P, a contradiction. Thus
P is H-prime . But I ¢ P, a contradiction. Thus I = {0}. |

COROLLARY 8.14: In 8.10 and 8.11, (2) (resp. (3)) is equivalent to (2)' (resp.
(3)') where the condition H-prime is replaced by H-semiprime.

Proof: This follows in a standard way from 8.13 using 1.6 and 1.7. |

We finally note that our previous results about the Krull relations for semi-
solvable Hopf algebras give a large class of examples of strongly semisimple or
cosemisimple Hopf algebras.

Remark 8.15: If H has 1-LO (resp. 1-coLO), then H is strongly semisimple (resp.
strongly cosemisimple).

Proof: (1) Recall from 4.5 that H has 1-LO if and only if for all faithfully flat Hopf
Galois extensions R C A with R being H-prime there exist Py, ..., P, € Spec(R)
with n < dim(H) such that N, P; = {0} and P,NR = {0} for all i. In particular
A then is semiprime. Hence if H has 1-LO then H is strongly semisimple by
8.10(2).

(2) If H has 1-coLO, then H* has 1-L.O by 4.3, hence H* is strongly semisimple
by (1), and H is strongly cosemisimple by 8.9. ]

COROLLARY 8.16:
(1) Let H be semisimple (resp. cosemisimple) and semisolvable. Then H is
strongly semisimple (resp. strongly cosemisimple).
(2) Let H be semisimple and assume that the characteristic of k is 0 and the
dimension of H is a power of a prime. Then H is strongly semisimple and
strongly cosemisimple.
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Proof: Using the previous lemma, (1) follows from 8.5 and 8.6 and (2) follows
from 8.7. |
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